
Available online at www.sciencedirect.com
ScienceDirect

J. Differential Equations 263 (2017) 7000–7097

www.elsevier.com/locate/jde
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Abstract

This paper contains the existence of four solutions of Schrödinger equations with jumping nonlinearities. 
The proof procedure is supported by a lot of new results. Initially, a consequence is rendered as a minimax 
principle on H 1

(
R
N

)
, which allows us to achieve the feasibility verification of the (PS) condition. Fur-

thermore, the constructions of minimal and maximal curves of Fučík spectrum in Ql (see the introduction 
for the definition of Ql ) warrant an intensive investigation. That we encounter some thorny problems is 
largely due to the absence of compact embedding and the appearance of essential spectrum. Based on a 
nontrivial argument, we can compute critical groups of homogeneous functional at zero if (a, b) is free of 
Fučík spectrum and (a, b) ∈Ql . This together with convexity and concavity offers a detailed description of 
the two curves by a series of sophisticated tricks. Additionally, we present a new version of Morse theory 
in view of the fact that classical version doesn’t work directly for weak smooth functional on H 1

(
R
N

)
. 

Finally, we prove a weak maximum principle for RN , which serves as a tool to get a critical point in positive 
and negative cone respectively and also compute critical groups of critical points of mountain pass type. 
With the help of above preparations, we attain the ultimate aim by Morse inequalities and various exact 
homology sequences.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is mainly concerned with nonlinear Schrödinger equation:{ −�u+ V (x)u= f (x,u) , x ∈R
N,

u (x)→ 0, as |x| → +∞, (1.1)

arising from study of standing wave solutions of time-dependent nonlinear Schrödinger equa-
tions. The corresponding energetic functional of (1.1) is of the form as:

J (u)= J (u, a, b)= 1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx −

∫
RN

F (x,u) ,

where F (x,u)= ∫ u
0 f (x, s) ds, f (x,u) is a Carathéodory function on RN ×R such that

f (x, t) →
{
a, as t → −∞,
b, as t → +∞, (1.2)
t
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(a, b) /∈ � (−�+ V ), and � (−�+ V ) is called Fučík spectrum, defined as the set of all 
(a, b) ∈R

2 such that { −�u+ V (x)u= au− + bu+, x ∈ R
N,

u (x)→ 0, as |x| → +∞, (1.3)

has a nontrivial solution u in the form domain of −� + V , where u+ = max {u,0}, u− =
min {u,0}, and the form domain of −� + V is the Hilbert space H 1

(
R
N

)
equipped with the 

norm

‖u‖ =
⎛⎜⎝ ∫

RN

|∇u|2 +
∫
RN

|u|2
⎞⎟⎠

1
2

and the inner product

〈u,v〉 =
∫
RN

∇u∇v + uv.

From the variational point of view, the solutions of (1.3) are the critical points of the following 
energetic functional

I (u)= I (u, a, b)= 1

2

∫
RN

|∇u|2 + V (x)u2 − a ∣∣u−∣∣2 − b ∣∣u+∣∣2
, u ∈H 1

(
R
N

)
.

Throughout the paper, we always assume that the linear potential V is real-valued, and V =
V1 + V2, V1 ∈ Lp (

R
N

)
, V2 ∈ L∞ (

R
N

)
, with p = 2 if N ≤ 3, p > 2 if N = 4 and p > N

2 if 
N ≥ 5.

The Fučík spectrum was originally introduced in the 1970s by Fučík [11] and Dancer [10], 
and defined on a smooth bounded domain � ⊂ R

N . Denote by λ1 < λ2 < λ3 < · · · the distinct 
eigenvalues of −� with Dirichlet boundary condition. It is then clear that (λl, λl) ∈� (−�) for 
any l ∈ N and ({λ1} × R) ∪ (R × {λ1}) ⊂� (−�). Put Ql = (λl−1, λl+1)

2 for l ≥ 2. Schechter 
in [35], [38] constructed two decreasing curves Cl1, Cl2 (which may coincide) in Ql passing 
through (λl, λl) such that all points on the curves are in � (−�), while points in Ql that are 
above both curves or below both curves are not in � (−�). When the curves do not coincide, the 
region between them is called a type (II) region, which may or may not intersect � (−�) (see 
also [34] and [37]).

Concerning the Fučík spectrum for Schrödinger operator on RN , to the best of our knowledge, 
so far the unique work appeared on [5], in which the authors gave a full characterization of the 
first nontrivial curve for certain types of potential by minimax methods.

Deeply attracted by the constructions of Fučík spectrum curves emanating from (λ,λ), λ ∈
σdis (−�+ V ), in this paper we are devoted to making a complete description of Cl1, Cl2 in 
Ql for the case λl−1, λl , λl+1 ∈ σdis (−�+ V ), λl−1 < λl < λl+1 < infσess (−�+ V ), l ≥ 3. 
However, it seems that we can not expect to achieve the target merely by a simple extension of 
[35] and [38] since the main difficulty, to a great extent, has arisen from the absence of compact 
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embedding and the appearance of essential spectrum. For this reason, we introduce a largely 
different measure, which does the trick (see Sections 4 and 5 for more details).

Another challenge comes from validation of compactness condition. In [25], the authors 
dealt with both nonresonant and resonant case for J (see also [25] for the argument on 
more general functional). However, for (a, b) /∈ � (−�+ V ) and a �= b, they verified that J
satisfies the (PS) condition with a strong hypothesis [� (a, b) ,�(a, b)] ∩ σ (−�+ V ) = ∅, 
� (a, b) := min {a, b}, � (a, b) := max {a, b}. In comparison with [25], for (a, b) /∈� (−�+ V )
and a �= b, under some certain hypotheses we derive identical result for J when admitting 
(� (a, b) ,�(a, b)) ∩ σdis (−�+ V ) �= ∅, and a minimax principle on H 1

(
R
N

)
(see Section 2) 

plays a crucial role in the process of proof. Due to the length limitation of this paper, we do not 
intend to make a discussion on the resonant case.

Let V be a Kato–Rellich potential (see Definition 2.1) and suppose λ1 = infσ (−�+ V ) <
λ2 < · · · < λl < λl+1 < σ0 := infσess (−�+ V ), σdis (−�+ V ) ∩ [

λ1, λl+1
] = {λi}l+1

i=1, l ≥ 2. 
Denote

Q∗
l+1 : =

{
(a, b) ∈ R

2 : λl ≤ � (a, b)≤�(a,b)≤ θ̃l+1 = � (
μdl+1+1, σ0

)} ;

C
(1)
k+1 : = {

(a, b) ∈Q∗
k+1 : b= ν̃k (a)

} ;
C
(2)
k+1 : = {

(a, b) ∈Q∗
k+1 : b= μ̃k+1 (a)

}
,

where μj = μj (−�+ V ) (see Proposition 2.8), dl+1 is the sum of multiplicity of λ1, · · · , λl+1, 
and make the following hypotheses:
(V2) V (x) is a real potential, s.t.,

inf
x∈RN

V (x) >−∞.

(V3) V ∈ CN−2,α
(
R
N

)
if N ≥ 3 and V ∈ C1

(
R
N

)
if N = 1, 2, 0 < α < 1;

(V4) λ1 = infσ (−�+ V ) < λ2 < · · ·< λl < σ0, σdis (−�+ V )∩ [λ1, σ0)= {λi}li=1;

(f1) Set f (x, s)= as− +bs+ +g (x, s), g (x,0)= 0, lim|s|→∞
g(x,s)
s

= 0 uniformly with respect 

to x ∈R
N , s.t., ∃β > 0, such that ∀s1, s2 ∈ R, ∀x ∈ R

N ,

|g (x, s1)− g (x, s2)| ≤ β |s1 − s2|

and β < σ0 −� (a, b), where � (a, b)= max {a, b}.
(f3) Let f (x, s)= a0s

− + b0s
+ + g̃ (x, s), lim

s→0−
f (x,s)
s

= a0, lim
s→0+

f (x,s)
s

= b0, uniformly on 

x ∈ R
N , and g̃ (x, s) ∈ CN−2,α

(
R
N ×R,R

)
if N ≥ 3, and g̃ (x, s) ∈ C1

(
R
N ×R,R

)
if N =

1, 2;
(f4) λk < � (a, b)≤� (a, b) < θ̃k+1 = � (

μdk+1+1, σ0
)
, l > k ≥ 3;

(f5) � (a0, b0) < λ1;
(f6) f

′
s (x, s) >

f (x,s)
s
>−m, ∀s �= 0, a.e. on x ∈R

N , where m is given by Section 3.
The hypothesis (f1) is due to Section 3 (see p. 7014). The hypothesis (V2) is offered by 

Section 5.1 (see p. 7027). The definitions of Q∗ , ̃νk (a), μ̃k+1 (a) are presented by Section 5.2
k+1



7004 C. Li, S. Li / J. Differential Equations 263 (2017) 7000–7097
(see p. 7042, p. 7048 and p. 7058 respectively). As to the hypotheses (V3), (V4), (f3), (f4), (f5), 
(f6), please refer to Section 7 (see p. 7069).

With the aid of the above mentioned hypotheses, our main result concerning the existence of 
four nontrivial solutions of (1.1) reads:

Theorem 1.1. Let V be a Kato–Rellich potential. Suppose that (V2)–(V4), (f1), (f3)–(f6) hold. 
Let (a, b) ∈Q∗

k+1, if (a, b) is below C(1)k+1 or above C(2)k+1, then (1.1) admits at least four non-
trivial solutions, including a positive solution u1, a negative solution u2 and a sign-changing 
solution. Moreover, if u1, u2 are isolated solutions, then we have Cq (J,ui)∼= δq1G, i = 1, 2.

Remark 1.2. Let V be a Kato–Rellich potential. In the case f (x, t) ∈ C1
(
R
N ×R,R

)
, we just 

need to assume that (f1) and (f6) hold, and a0 = b0 < λ1 < λ2 < · · · < λl < a = b < θ̃l =
�

(
μdl+1, σ0

)
, σdis (−�+ V ) ∩ [λ1, λl] = {λi}li=1, l ≥ 2, then (1.1) has at least four nontrivial 

solutions. It is new for (1.1) even in this case.

There are some literatures concerning the study of multiplicity of solutions for (1.1) (see [4], 
[25], [27], and references therein). In the journey of finding three solutions, we distinguish two 
solutions by their signs, and hence get a positive solution u1, a negative solution u2. In [26], 
the authors obtained a solution other than u1 and u2, denoted by u3. The sign change of u3 was 
also verified by [26]. These are not yet enough to guarantee the existence of the fourth nontrivial 
solution. It clearly emerges that aiming at four-solution task, we have to resort to Morse the-
ory and distinguish critical points by their critical groups. Further analysis earnestly anticipates 
an elaborate description for local behavior of each critical point. Note that linking methods via 
homotopy minimax principle just furnish the information on homotopy groups, so it is indispens-
able for us to initiate an argument attacking above problem by computing critical groups, and the 
method is largely different from [8] and [24]. Notice that (1.1) possesses a jumping nonlinear 
term f (x, t) at 0 and accordingly J /∈ C2

(
H 1

(
R
N

)
,R

)
, so Morse theory of weak smooth func-

tionals on H 1
(
R
N

)
is urgently desired. Corresponding splitting theorem and shifting theorem 

for a bounded domain � ⊂R
N had been well established in [20] (see also [21] for more general 

case) and we will give a brief introduction for such contents in Section 7.
The proof of four solutions theorem is arranged in Section 8. We would like to state here 

some preparation work adapted to our needs. We obtain three critical points of J on H 1
(
R
N

)
and supply precise information on critical groups. Moreover, in Section 8 we build up a weak 
maximum principle for RN . Employing such maximum principle and also by Brezis–Martin the-
orem (see [6] and [28]), we verify that the positive and negative cone of Hilbert space H 1

m

(
R
N

)
, 

denoted by +P and −P respectively, are invariant sets under the negative gradient flow of J on 
H 1
m

(
R
N

)
, and we also show that 

(
(+P)δ ∩ N

) ∩ (
(−P)δ ∩ N

) = ∅ for δ > 0 suitably small, 

(±P)δ :=
{
u ∈H 1

m

(
R
N

) : inf
v∈±P ‖u− v‖m ≤ δ

}
. Concerning the definitions of H 1

m

(
R
N

)
and 

‖·‖m, the readers may consult Section 3 for details. Moreover, η (t, u)⊂ (
(±P)δ)◦

as u ∈ (±P)δ , 
for ∀t ∈ (0,+∞), where 

(
(+P)δ)◦

and 
(
(−P)δ)◦

denote the interior of (+P)δ and (−P)δ re-
spectively, and η is the negative gradient flow of J on H 1

m

(
R
N

)
. Based on minimax argument, we 

can find two mountain pass type critical points u1 and u2 above, s.t., u1 ∈ +P ∩N, u2 ∈ −P ∩N. 
As u3 is sign-changing, combining computations of critical groups of J at infinity and zero with 
topological analysis of level sets of J , and also using Morse theory of weak smooth functionals 
on H 1

(
R
N

)
, we consequently derive the fourth nontrivial solution.
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2. Preliminaries from the spectral theory of Schrödinger operators

2.1. A review of some classical results

We first take a look back at some definitions given by [16]:

Definition 2.1. (see page 136, [16]) Let V (x) ∈ Lp (
R
N

) +L∞ (
R
N

)
and be real, with p= 2 if 

N ≤ 3, p > 2 if N = 4 and p > N
2 if N ≥ 5, then V is called Kato–Rellich (K–R) potential.

Definition 2.2. (see Definition 14.7, [16]) A potential function V (x) is called a Kato potential 
if V is real and V ∈ L2

(
R
N

) + L∞ (
R
N

)
ε
, where the ε indicates that for any ε > 0, we can 

decompose V = V1 + V2 with V1 ∈L2
(
R
N

)
and V2 ∈ L∞ (

R
N

)
, with ‖V2‖L∞ < ε.

Proposition 2.3. (see Corollary 14.10, [16]) If V is a real Kato potential, then σess (−�+ V )=
[0,+∞).

For the readers’ convenience, we present a proof for the following well-known result (see 
[16]):

Proposition 2.4. Let V be a real K–R potential, lim|x|→+∞V (x) = 0, then σess (−�+ V ) =
[0,+∞).

Proof. In view of the hypothesis, ∀ε > 0, ∃R > 0, for x ∈ R
N , |x| ≥ R, |V (x)| ≤ ε. Write 

V = V1 + V2, V1 ∈Lp (
R
N

)
, V2 ∈ L∞ (

R
N

)
. Notice that

V = χB(0,R)V1 + χBc(0,R)V1 + χB(0,R)V2 + χBc(0,R)V2

= V (R)1 + V (R)2 , (2.1)

where V (R)1 = χB(0,R)V , V (R)2 = χBc(0,R)V , it follows that for x ∈ R
N , |x| ≥ R, 

∣∣∣V (R)2 (x)

∣∣∣ =
|V (x)| ≤ ε. Observe that V (R)1 ∈ Lp (

R
N

) ⇒ V
(R)
1 ∈ L2

(
R
N

)
, so V is a Kato potential. Using 

Proposition 2.3 we arrive at the conclusion. �
Corollary 2.5. Let V be a real K–R potential, lim|x|→+∞V (x) = α, then σess (−�+ V ) =
[α,+∞).

As is known, if the real potential V is in the K–R class, then −� + V is a self-adjoint, 
semibounded Schrödinger operator with domain H 2

(
R
N

)
and there is a simplified version 

of Persson’s theorem which proves that the behavior of the potential V at infinity determines 
σess (−�+ V ):

Proposition 2.6. (see Theorem 14.11, [16]) Let V be a real-valued potential in the K–R class, and 
let −� + V be the corresponding self-adjoint, semibounded Schrödinger operator with domain 
H 2

(
R
N

)
. Then, the bottom of the essential spectrum is given by
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infσess (−�+ V )= sup
κ⊂RN

inf
φ∈C∞

0

(
RN \κ

)
φ �=0

〈(−�+ V )φ,φ〉L2
(
RN

)
‖φ‖2

L2
(
RN

) , (2.2)

where the supremum is over all compact subsets κ ⊂R
N .

Suppose:
(V1) V (x) is a real potential, and ∃F (x) ∈ L∞ (

R
N

)
, α = inf

x∈RN
F (x) ∈ (−∞,+∞), s.t. 

lim|x|→∞ (V (x)− F (x))= 0.

As lim|x|→∞V (x)= α, by taking F (x)≡ α, the hypothesis (V1) evidently follows. With the aid 

of Proposition 2.4, a general version of Corollary 2.5 can be derived:

Proposition 2.7. Let V (x) be a real K–R potential and suppose (V1), then

σess (−�+ V )⊂ [α,+∞) . (2.3)

Proof. Based on the assumption, decompose V = V1 + V2, V1 ∈ Lp (
R
N

)
, V2 ∈ L∞ (

R
N

)
. Set 

Ṽ = V1 + Ṽ2, Ṽ2 = V2 − F (x). Employing Proposition 2.4 we obtain

σess
(−�+ Ṽ ) = [0,+∞) . (2.4)

By (2.2) we have

0 = infσess
(−�+ Ṽ )

= sup
κ⊂RN

inf
φ∈C∞

0

(
RN\κ)\{0}

∫
RN

|∇φ|2 + Ṽ φ2

‖φ‖2
L2

(
RN

)
≤ sup
κ⊂RN

inf
φ∈C∞

0

(
RN\κ)\{0}

∫
RN

|∇φ|2 + V φ2

‖φ‖2
L2

(
RN

) − α, (2.5)

ending the proof. �
2.2. A min–max principle on H 1

(
R
N

)
Proposition 2.8. (min–max principle, operator form) (see Theorem XIII.1, [33]) Let H be a self-
adjoint operator on Hilbert space E and H is bounded from below, i.e., H ≥ cI for some c. De-
fine μk (H)= sup

B=span
{
ψ1,··· ,ψk−1

}
,ψi∈D(H)

inf
ψ∈D(H),‖ψ‖E=1

ψ∈B⊥
〈Hψ,ψ〉E . Then, for each fixed k, either: 

(a) there are k eigenvalues (counting degenerate eigenvalues a number of times equal to their 
multiplicity) below the bottom of the essential spectrum, and μk (H) is the k-th eigenvalue count-
ing multiplicity; or (b) μk is the bottom of the essential spectrum, i.e., μk = inf {λ : λ ∈ σess (H)}
and in that case μk = μk+1 = μk+2 = · · · and there are at most k − 1 eigenvalues (counting 
multiplicity) below μk .
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Lemma 2.9. Suppose V (x) ∈ Lp (
R
N

)
, p = 2 if N ≤ 3, p > 2 if N = 4, p > N

2 if N ≥ 5, or 
p = +∞, and define

ηk : = inf
B⊂H1

(
RN

)
dimB=k

max
u∈B\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

; (2.6)

σk : = inf
B⊂H2

(
RN

)
dimB=k

max
u∈B\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

, (2.7)

then ηk = σk for ∀k ∈N.

Proof. One deduces from [40] that −� + V is bounded from below on H 2
(
R
N

)
for K–R 

potential and so ηk > −∞. Choose linearly independent ω1, · · · , ωk ∈ H 1
(
R
N

)
and set B =

span {ω1, · · · ,ωk}. As C∞
0

(
R
N

)
is dense in H 1

(
R
N

)
, for ωi we can find 

{
ω
(m)
i

}+∞
m=1

⊂
C∞

0

(
R
N

)
such that ω(m)i → ωi in H 1

(
R
N

)
as m → +∞, i = 1, 2, · · · , k.

Step one: We claim that ∃M ∈ N, ∀m ≥M , m ∈ N, ω(m)1 , · · · , ω(m)k is linearly independent. 

By way of negation, ∃j0 ∈ N, and a sequence {ml}+∞
l=1 ∈ N, ml → +∞ as l→ +∞, s.t. ω(ml)j0

=∑
i �=j0

α
(ml)
i ω

(ml)
i .

Set 
∣∣α(ml)∣∣ =

( ∑
i �=j0

∣∣∣α(ml)i

∣∣∣2
) 1

2

and A(i)ml = α

(
ml

)
i∣∣∣α(
ml

)∣∣∣ , i �= j0. We are confronted with two cases:

(1)
∣∣α(ml)∣∣ → +∞, l→ +∞.

Then we have

ω
(ml)
j0∣∣α(ml)∣∣ =

∑
i �=j0

A(i)mlω
(ml)
i (2.8)

and infer that ∃M∗ > 0, ∃L ∈N, ∀l ≥ L, ∃i(l) �= j0 such that∣∣∣∣A(
i(l)

)
ml

∣∣∣∣ ≥M∗. (2.9)

Otherwise, ∀ε > 0, ∀L̃ ∈N, ∃̃l ≥ L̃,∣∣∣A(i)ml̃ ∣∣∣< ε, i �= j0. (2.10)

(2.10) yields

1 =
∑
i �=j0

∣∣∣A(i)ml̃ ∣∣∣2
< (k − 1) ε2, (2.11)

which is impossible as ε is small enough.



7008 C. Li, S. Li / J. Differential Equations 263 (2017) 7000–7097
Hence, for l ≥ L, up to a rewritten subsequence 
{
A

(
i(l)

)
ml

}+∞

l=L
, ∃i0 �= j0, i(l) = i0. Since ∣∣∣A(i)ml ∣∣∣ ≤ 1, there exist Ai and also a subsequence, still labeled by 

{
A
(i)
ml

}+∞
l=1

such that 

lim
l→+∞A

(i)
ml =Ai . Take limit for (2.8) in H 1

(
R
N

)
, we obtain

∑
i �=j0

Aiωi = 0. (2.12)

Notice that 
∣∣Ai0 ∣∣ ≥M∗ > 0, so ω1, · · · , ωj0−1, ωj0+1, · · · , ωk are linearly dependent which 

contradicts dimB = k.
(2)

{
α(ml)

}+∞
l=1 is bounded.

The assertion is obvious in this case.
Step two. Define

λ̃ : = max
u∈B\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

;

λ̃m : = max
u∈B(m)\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

;

B(m) : = span
{
ω
(m)
1 , · · · ,ω(m)k

}
,m large enough.

Now we show that λ̃m → λ̃. To see this, we assume that λ̃m is achieved by ũm ∈ B(m), 

‖ũm‖H 1
(
RN

) = 1. Set ũm =
k∑
i=1
α̃
(m)
i ω

(m)
i , by the proof of step one we know that there exists 

M0 > 0, 
∣∣∣̃α(m)i ∣∣∣ ≤M0. Hence we can find a renamed subsequence 

{
α̃
(m)
i

}+∞
m=1

, lim
m→+∞ α̃

(m)
i = α̃i . 

So ̃um → ũ0 =
k∑
i=1
α̃iωi in H 1

(
R
N

)
and thus we obtain

λ̃m → λ̃0 :=
∫
RN

|∇ũ0|2 + V (x) ũ2
0∫

RN
ũ2

0

≤ λ̃. (2.13)

On the other hand, we assume that ̃λ is achieved by u0 =
k∑
i=1
αiωi and set ‖u0‖ = 1, then there 

exist {um}+∞
m=1 ⊂ C∞

0

(
R
N

)
, um =

k∑
i=1
α∗
i ω
(m)
i → u0 in H 1

(
R
N

)
. If p = +∞, the conclusion is 

evident so we just need to deal with the case p > N
2 . Using embedding theorem we get

um → u0 in Lq
(
R
N

)
, (2.14)

for q ∈ [
2,2∗], if N ≥ 3 and for q ∈ [2,+∞) if N = 1, 2.

We claim that
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lim
m→+∞

∫
RN

V (x)u2
m =

∫
RN

V (x)u2
0 (2.15)

Divide the proof into two cases:

(i) N ≥ 4. Since p > N
2 , 1

p
+ 1
q

= 1 ⇒ q ∈
(

1, N
N−2

)
. By Hölder inequality and Cauchy–

Schwarz inequality, ∣∣∣∣∣∣∣
∫
RN

V (x)
(
u2
m − u2

0

)∣∣∣∣∣∣∣
≤ ‖V ‖Lp ·

⎛⎜⎝ ∫
RN

|um + u0|q · |(um − u0)|q dx
⎞⎟⎠

1
q

≤ ‖V ‖Lp · (‖um‖L2q + ‖u0‖L2q

) · ‖um − u0‖L2q

≤ C ‖V ‖Lp · (‖um‖ + ‖u0‖) · ‖um − u0‖ → 0. (2.16)

(ii) N ≤ 3. Observe that V ∈ L2
(
R
N

)
if N ≤ 3, taking q = 2 shows∣∣∣∣∣∣∣

∫
RN

V (x)
(
u2
m − u2

0

)∣∣∣∣∣∣∣ ≤ C ‖V ‖L2 · (‖um‖ + ‖u0‖) · ‖um − u0‖ → 0. (2.17)

As um → u0 in L2, we have

‖um‖L2 → ‖u0‖L2 . (2.18)

Notice that

〈∇um,∇um〉L2 − 〈∇u0,∇u0〉L2

=
∫
RN

|∇ (um − u0)|2 + 2
∫
RN

∇ (um − u0)∇u0 → 0, (2.19)

consequently,

λ̃←
∫
RN

|∇um|2 + V (x)u2
m∫

RN
u2
m

≤ λ̃m. (2.20)

Combining (2.13) with (2.20) we get ̃λ0 = λ̃.

Step three: Define λ := inf
B⊂H1

(
RN

) max
u∈B\{0}

∫
RN

|∇u|2+V (x)u2∫
RN
u2 , then for ∀ε > 0, ∃B ⊂H 1

(
R
N

)
,

dimB=k
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max
u∈B\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

< λ+ ε
2
. (2.21)

Step two indicates that there exists B̂⊂ C∞
0

(
R
N

)
, dim B̂= k, s.t.

∣∣∣∣∣ max
u∈B\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

− max
u∈B̂\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

∣∣∣∣∣< ε2 . (2.22)

Therefore, by combining (2.21) with (2.22) we have

max
u∈B̂\{0}

∫
RN

|∇u|2 + V (x)u2∫
RN
u2

< λ+ ε. (2.23)

The proof is complete. �
Corollary 2.10. Suppose that V is a real K–R potential, then ηk = σk for ∀k ∈ N..

Set A = −� + V and define

μk : = sup
Bk−1⊂H2

dimBk−1=k−1

inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2=1

〈Aψ,ψ〉L2 , (2.24)

αk : = sup
Bk−1⊂H1

dimBk−1=k−1

inf
ψ∈B⊥

k−1∩H1

‖ψ‖
L2=1

∫
RN

|∇ψ |2 + V (x)ψ2, (2.25)

βk : = inf
Bk⊂H2

dimBk=k
max
ψ∈Bk‖ψ‖
L2 =1

〈Aψ,ψ〉L2 , (2.26)

γk : = inf
Bk⊂H1

dimBk=k
max
ψ∈Bk‖ψ‖
L2 =1

∫
RN

|∇ψ |2 + V (x)ψ2, (2.27)

where B⊥
k−1 is the orthogonal complement in L2

(
R
N

)
of Bk−1. Obviously, βk = σk = ηk = γk

for ∀k ∈N.
Let V be a K–R potential, σdis (A) �=∅, infσ (A)= infσdis (A), {λi}li=1 ∈ σdis (A), l ≥ 1, s.t., 

λ1 = infσ (A) < λ2 < · · ·< λl < σ0, σdis (A) ∩ [λ1, σ0)= {λi}li=1, σ0 := infσess (A). Let Nl be 
the subspace of D =D (A)=H 2

(
R
N

)
spanned by the eigenfunctions ψ1, · · · , ψdl correspond-

ing to λ1, · · · , λl , dl = dimNl . Then H 1
(
R
N

) =Nl ⊕Ml , where ⊕ denotes decomposition into 
direct sum in L2

(
R
N

)
, Ml :=N⊥

l ∩H 1
(
R
N

)
. Let Ek−1 := span {ψ1, · · ·ψk−1}, k ≤ dl + 1, and 

set

ζk : = inf
ψ∈E⊥

k−1∩H2

‖ψ‖ =1

〈Aψ,ψ〉L2 , (2.28)
L2
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ξk : = inf
ψ∈E⊥

k−1∩H1

‖ψ‖
L2=1

∫
RN

|∇ψ |2 + V (x)ψ2. (2.29)

Under the above hypotheses, our consequence concerning min–max principle reads:

Lemma 2.11. (i) ξk = μk for k ≤ dl + 1; (ii) μk = αk = γk , ∀k ∈N.

Proof. Divide the proof into two cases:
(1) k ≤ dl + 1.
We first claim μk = ζk . Obviously, ζk ≤ μk , so we focus on μk ≤ ζk . For ∀Bk−1 ⊂H 2, take 

two cases into account:
(a) ∃ψ0 ∈ B⊥

k−1 ∩ Ek−1\ {0}. Set ‖ψ0‖L2 = 1. Denote by Eλ the spectral system of A. Let 
PE(μ,+∞) be the orthogonal projection operator χ(μ,+∞), where χ(μ,+∞) is the characteristic 
function of (μ,+∞), we have 

∫ +∞
μ

dEλ = PE(μ,+∞), A = ∫ +∞
−∞ λdEλ.

Due to the fact

inf
ψ∈E⊥

k−1∩H2

‖ψ‖
L2=1

〈Aψ,ψ〉L2 = inf
ψ∈E⊥

k−1∩H2

‖ψ‖
L2 =1

+∞∫
−∞

λd 〈Eλψ,ψ〉L2

= inf
ψ∈E⊥

k−1∩H2

‖ψ‖
L2 =1

+∞∫
μk−1

λd 〈Eλψ,ψ〉L2 ≥ μk−1, (2.30)

hence,

inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2=1

〈Aψ,ψ〉L2 ≤ 〈Aψ0,ψ0〉L2 ≤ μk−1 ≤ ζk. (2.31)

(b)B⊥
k−1 ∩Ek−1 = {0}. Observe that the map PE⊥

k−1
: B⊥

k−1 ∩H 2 →E⊥
k−1 ∩H 2 is one to one 

onto. Actually, we just need to show the surjection since the injection is evident. Otherwise, ∃y ∈
E⊥
k−1 ∩H 2\ {0}, for ∀x ∈B⊥

k−1 ∩H 2, PE⊥
k−1
x �= y. Set ‖y‖L2 = 1, Fk = span {y,ψ1, · · · ,ψk−1}. 

As dimFk = k > dimBk−1 = k− 1, there exists z ∈ Fk ∩B⊥
k−1\ {0}. Denote z= αy+

k−1∑
i=1
βiψi . 

Clearly, α �= 0. Then PE⊥
k−1
z= αy, i.e., PE⊥

k−1

z
α

= y, violating the hypothesis. Consequently, for 

∀ϕ ∈ E⊥
k−1 ∩ H 2, ∃ψ ∈ B⊥

k−1 ∩ H 2, PE⊥
k−1
ψ = ϕ. Take the minimizing sequence {ϕn}+∞

n=1 of 

(2.28), ϕn ∈E⊥
k−1 ∩H 2, ‖ϕn‖L2 = 1, s.t., εn > 0 and

〈Aϕn,ϕn〉L2 ≤ ζk + εn. (2.32)

For ∀ψ ∈ B⊥
k−1 ∩ H 2, ‖ψ‖L2 = 1, set ψ = PE⊥

k−1
ψ + PEk−1ψ . For above ϕn, ∃sn ∈ (0,1], 

ψ∗
n ∈B⊥

k−1 ∩H 2, 
∥∥ψ∗
n

∥∥
L2 = 1, s.t.,

ψ∗
n = P ⊥ ψ∗

n + PEk−1ψ
∗
n = snϕn + PEk−1ψ

∗
n . (2.33)
Ek−1
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Set PEk−1ψ
∗
n = tnφn, t2n = 1 − s2

n , ‖φn‖L2 = 1. Therefore,

inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2 =1

〈Aψ,ψ〉L2 ≤ 〈
Aψ∗

n ,ψ
∗
n

〉
L2

≤ (ζk + εn) s2
n +μk−1t

2
n

≤ ζk + εn (2.34)

and this yields

inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2=1

〈Aψ,ψ〉L2 ≤ ζk. (2.35)

(2.31) together with (2.35) derives

sup
Bk−1⊂H2

dimBk−1=k−1

inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2 =1

〈Aψ,ψ〉L2 ≤ ζk. (2.36)

We conclude the claim as predicted.
Notice that ζk = ξk for k ≤ dl + 1 (see Lemma 9.1 for more detail), so μk = ξk for k ≤ dl + 1. 

That’s the precise statement (i).
Next we show ζk = βk for k ≤ dl + 1. Note that ∀Bk ⊂H 2, dimBk = k, ∃ψ∗ ∈ Bk ∩E⊥

k−1, 
‖ψ∗‖L2 = 1, then we obtain

max
ψ∈Bk‖ψ‖
L2=1

〈Aψ,ψ〉L2 ≥ 〈
Aψ∗,ψ∗〉

L2 ≥ ζk (2.37)

alluding to βk ≥ ζk for k ≤ dl + 1. On the other side, for k ≤ dl ,

βk ≤ max
ψ∈Ek‖ψ‖
L2 =1

〈Aψ,ψ〉L2 ≤ μk = ζk, (2.38)

and as k = dl + 1, for above ϕn, set E(n)dl+1 = span
{
ψ1, · · · ,ψdl , ϕn

}
, hence,

βdl+1 ≤ max
ψ∈E(n)

dl+1
‖ψ‖

L2 =1

〈Aψ,ψ〉L2 ≤ 〈Aϕn,ϕn〉L2 ≤ ζdl+1 + εn, (2.39)

and this gets βdl+1 ≤ ζdl+1. The combination of (2.37), (2.38) and (2.39) ends the proof.
It is left to us to verify αk = ξk for k ≤ dl + 1. For ∀Bk−1 ⊂H 1, take two cases into account:
〈1〉 ∃ψ0 ∈B⊥ ∩Ek−1\ {0}. Set ‖ψ0‖L2 = 1. As ζk = ξk for k ≤ dl + 1, we have
k−1
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inf
ψ∈B⊥

k−1∩H1

‖ψ‖
L2 =1

∫
RN

|∇ψ |2 + V (x)ψ2

≤ inf
ψ∈B⊥

k−1∩Ek−1
‖ψ‖

L2 =1

〈Aψ,ψ〉L2

≤ 〈Aψ0,ψ0〉L2 ≤ μk−1 ≤ ζk = ξk. (2.40)

〈2〉 B⊥
k−1 ∩Ek−1 = {0}. The argument is quite similar to (b).

〈1〉 + 〈2〉 ⇒ αk ≤ ξk .
On the other hand, on account of the definition, αk ≥ ξk . The assertion follows.
Overall, we conclude the proof of (ii) for k ≤ dl + 1 with the help of Corollary 2.10.
(2) k > dl + 1.
We can always choose {ψi}+∞

i=dl+1 ∈ E⊥
dl

∩H 2 such that {ψi}+∞
i=1 is a complete basis of L2, 〈

ψi,ψj
〉
L2 = 0, for i �= j , i, j ≥ dl + 1.

Observe that ∀ε > 0, ∀Bk−1 ⊂ H 1, dimBk−1 = k − 1, B⊥
k−1 ∩ (

Eσ0+ε −Eσ0

)
H 2 �= {0}. 

This is due to dim
(
Eσ0+ε −Eσ0

)
H 2 = ∞.

For fixed εn > 0, then there exists B(n)k−1 ⊂ H 1, dimB
(n)
k−1 = k − 1, and ψ̃n ∈

(
B
(n)
k−1

)⊥ ∩(
Eσ0+εn −Eσ0

)
H 2, 

∥∥ψ̃n∥∥L2 = 1, s.t.,

αk − εn ≤ inf
ψ∈

(
B
(n)
k−1

)⊥∩H1

‖ψ‖
L2 =1

∫
RN

|∇ψ |2 + V (x)ψ2

≤ inf
ψ∈

(
B
(n)
k−1

)⊥∩H2

‖ψ‖
L2 =1

〈Aψ,ψ〉L2

≤ 〈
Aψ̃n, ψ̃n

〉
L2 ≤ σ0 + εn. (2.41)

Let εn → 0, (2.41) yields

αk = sup
Bk−1⊂H1

dimBk−1=k−1

inf
ψ∈B⊥

k−1∩H1

‖ψ‖
L2 =1

∫
RN

|∇ψ |2 + V (x)ψ2 ≤ σ0 = μk. (2.42)

Due to the fact σ0 = μdl+1 = αdl+1 ≤ αk for k ≥ dl + 2, we get αk = μk for k ≥ dl + 2.
We now remain to prove μk = βk for ∀k ∈ N. In view of the definitions of βk and μk , for 

εn > 0, there exists B∗(n)
k ⊂H 2, dimB

∗(n)
k = k, and B̃(n)k−1 ⊂H 2, dim B̃

(n)
k−1 = k − 1, s.t.

max
ψ∈B∗(n)

k‖ψ‖
L2=1

〈Aψ,ψ〉L2 ≤ βk + εn, (2.43)

inf
ψ∈

(
B̃
(n)
k−1

)⊥∩H2

‖ψ‖ =1

〈Aψ,ψ〉L2 ≥ μk − εn. (2.44)
L2



7014 C. Li, S. Li / J. Differential Equations 263 (2017) 7000–7097
Since dimB
∗(n)
k > dim B̃

(n)
k−1, there exists ψ(n)0 ∈B

∗(n)
k ∩

(
B̃
(n)
k−1

)⊥
, 
∥∥∥ψ(n)0

∥∥∥
L2

= 1. Based on 

this, the combination of (2.43) and (2.44) yields βk ≥ μk for ∀k ∈N.
The other side of the shield, for ∀ε > 0, notice that dim

(
Eσ0+ε −Eσ0

)
H 2 = ∞. If 

k ≥ dl + 2, pick 
{
ξ
(ε)
i

}k
i=dl+1

, s.t., σ0 < ξ
(ε)
dl+1 < ξ

(ε)
dl+2 < · · · < ξ(ε)k < σ0 + ε, and take {

ψ
(ε)
i

}k
i=dl+1

⊂ (
Eσ0+ε −Eσ0

)
H 2, s.t., 

〈
Aψ

(ε)
i ,ψ

(ε)
j

〉
L2

= 0 for i �= j , dl + 1 ≤ i, j ≤ k, 
σ0 <

〈
Aψ

(ε)
dl+1,ψ

(ε)
dl+1

〉
L2
< ξ

(ε)
dl+1, ξ (ε)i−1 <

〈
Aψ

(ε)
i ,ψ

(ε)
i

〉
L2
< ξ

(ε)
i for dl + 2 ≤ i ≤ k, and (

E
ξ
(ε)
j

−E
ξ
(ε)
j−1

)
ψ
(ε)
j =ψ(ε)j for dl+1 ≤ j ≤ k. Set Ẽk,ε = span

{
ψ1, · · · ,ψdl ,ψ(ε)dl+1, · · · ,ψ(ε)k

}
. 

Thereby,

βk ≤ max
ψ∈Ẽk,ε‖ψ‖
L2 =1

〈Aψ,ψ〉L2 < σ0 + ε, (2.45)

alluding to βk ≤ σ0 = μk . We therefore conclude the proof of Lemma 2.11. �
3. Compactness

Let V be a K–R potential. In what follows, we set f (x, s) = as− + bs+ + g (x, s), 
g (x,0)= 0, lim|s|→∞

g(x,s)
s

= 0 uniformly with respect to x ∈ R
N , and also make the following 

hypotheses:
(f1) ∃β > 0, such that ∀s1, s2 ∈R, ∀x ∈R

N ,

|g (x, s1)− g (x, s2)| ≤ β |s1 − s2|

and β < σ0 −� (a, b), where � (a, b)= max {a, b}.
It might just as well assume m +μ1 > 0 and infσ

(
Âm

)
> 1 with Âm = −� + 2 (V +m) by 

choosing m > 0 suitably large. Clearly, Am := −� + V + m is a positive definite self-adjoint 
operator with D (Am)=H 2

(
R
N

)
.

Denote by

H 1
m

(
R
N

)
=

⎧⎪⎨⎪⎩u ∈H 1
(
R
N

)
:
∫
RN

|∇u|2 + (V +m)u2 <+∞

⎫⎪⎬⎪⎭
the Hilbert space equipped with the norm

‖u‖m =
⎡⎢⎣ ∫
RN

|∇u|2 + (V +m)u2

⎤⎥⎦
1
2

and the inner product
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〈u,v〉m =
∫
RN

∇u∇v+ (V +m)uv.

It is easy to check that H 1
m

(
R
N

) = H 1
(
R
N

)
. Indeed, notice that

‖u‖2

2
≤ 1

2

∫
RN

|∇u|2 + 1

2

∫
RN

|∇u|2 + 2 (V +m)u2

= ‖u‖2
m ≤ (C ‖V1‖Lp + ‖V2‖L∞ +m+ 1)‖u‖2 , (3.1)

where p = 2 if N ≤ 3, and p > N
2 if N ≥ 4, so the assertion follows.

On account of the hypothesis, σ (Am) ∈ (0,+∞), alluding to the fact that A−1
m exists. Set 

gm (x,u)= f (x,u)+mu. Obviously, in view of (f1), A−1
m gm (x,u) ∈H 2 for ∀u ∈H 1. Hence, 

for fixed ϕ ∈H 1,∫
RN

gm (x,u)ϕ =
∫
RN

AmA
−1
m gm (x,u) · ϕ

=
∫
RN

∇A−1
m gm (x,u) · ∇ϕ + (V +m)A−1

m gm (x,u) · ϕ. (3.2)

Therefore, 〈
J ′ (u) ,ϕ

〉
m

=
〈
u−A−1

m gm (x,u) ,ϕ
〉
m

=
∫
RN

∇u∇ϕ + V (x)uϕ −
∫
RN

f (x,u)ϕ, (3.3)

yielding J ′ (u)= u −A−1
m gm (x,u).

To show the main consequence of this section, we first recall the concept of Palais–Smale 
condition:

Definition 3.1. Let X be a Hilbert space, ϕ ∈ C1 (X,R) and c ∈ R. We say ϕ satisfies the (PS)c
condition provided that any sequence {un}+∞

n=1 ⊂ X such that ϕ(un) → c and ϕ′(un) → 0 in X, 
has a convergent subsequence in X.

Definition 3.2. Let X be a Hilbert space, ϕ ∈ C1 (X,R). For c1, c2 ∈ R, c1 < c2, we say ϕ
satisfies the (PS) condition on [c1,c2] if ϕ satisfies the (PS)c condition for ∀c ∈ [c1,c2].

Definition 3.3. Let X be a Hilbert space, ϕ ∈ C1 (X,R). We say ϕ satisfies the (PS) condition 
provided that any sequence {un}+∞

n=1 ⊂X such that {ϕ(un)}+∞
n=1 is bounded and ϕ′(un) → 0 in X, 

has a convergent subsequence in X.

Theorem 3.4. Let V be a real K–R potential, σdis (A) �= ∅, infσ (A) = infσdis (A). Under the 
hypothesis (f1), if (a, b) /∈� (A), then J satisfies the (PS) condition on H 1

(
R
N

)
.
m
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Before entering the proof of Theorem 3.4, we state a well-known result (see [41]) as follows:

Proposition 3.5. Assume that |�|<∞, 1 ≤ p, r <∞, f ∈C (
�×R,R

)
and

|f (x,u)| ≤ C (
1 + |u|p/r) . (3.4)

Then, for every u ∈Lp (�), f (·, u) ∈ Lr (�) and the operator

T : Lp (�)→Lr (�) : u �−→ f (x,u)

is continuous.

Proof of Theorem 3.4. In view of the hypothesis (f1), it would not hurt to assume � (a, b)+
β > μ1, s.t., σdis (A) ∩

[
μ1,�(a, b)+ β

] = {λi}li=1, λ1 = μ1 = infσ (A) < λ2 < · · · < λl . Di-
vide the proof into three steps:

Step one. We prove that for any bounded sequence {uk}+∞
k=1 ⊂ H 1

(
R
N

)
, s.t., uk ⇀ u0 in 

H 1
(
R
N

)
, PNluk → u∗ in H 1

(
R
N

)
, uk ⇀ ũ in L2

(
R
N

)
, then ũ = u0 a.e. on RN , u∗ = PNlu0

a.e. on RN , where PNl is the orthogonal projection onto Nl in L2
(
R
N

)
.

Observe that uk → u0 in L2
loc

(
R
N

)
, then for any bounded open domain � ⊂R

N , uk → u0 in 
L2 (�), and hence ∫

�

ukϕ→
∫
�

u0ϕ,∀ϕ ∈ L2 (�) . (3.5)

Therefore, ∫
RN

ukϕ→
∫
RN

u0ϕ,∀ϕ ∈C∞
0

(
R
N

)
. (3.6)

As uk ⇀ ũ in L2
(
R
N

)
, we have∫

RN

ukϕ→
∫
RN

ũϕ,∀ϕ ∈L2
(
R
N

)
, (3.7)

and thus, ∫
RN

ukϕ→
∫
RN

ũϕ,∀ϕ ∈C∞
0

(
R
N

)
. (3.8)

(3.6) together with (3.8) shows∫
N

(u0 − ũ) ϕ = 0,∀ϕ ∈C∞
0

(
R
N

)
. (3.9)
R
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Due to the fact that C∞
0

(
R
N

)
is dense in L2

(
R
N

)
, we obtain∫

RN

(u0 − ũ) ϕ = 0,∀ϕ ∈ L2
(
R
N

)
, (3.10)

so ̃u= u0 a.e. on RN . This indicates that

uk ⇀ u0 in L2
(
R
N

)
, (3.11)

and thereby, ∫
RN

PNlukϕ→
∫
RN

PNlu0ϕ,∀ϕ ∈ L2
(
R
N

)
. (3.12)

Since PNluk → u∗ in H 1
(
R
N

)
yields∫

RN

PNlukϕ→
∫
RN

u∗ϕ,∀ϕ ∈L2
(
R
N

)
, (3.13)

combining (3.12) with (3.13) we get u∗ = PNlu0 a.e. on RN . This concludes the proof.
Step two. We show that for any sequence {uk}+∞

k=1 ⊂ H 1
m

(
R
N

)
, s.t. 

∥∥J ′ (uk)
∥∥
m

→ 0, is 
bounded in H 1

m

(
R
N

)
.

Suppose by contradiction, there exists {uk}+∞
k=1 ⊂H 1

m

(
R
N

)
, 
∥∥J ′ (uk)

∥∥
m

→ 0, ‖uk‖m → +∞, 

and so ‖uk‖ → +∞. Take M∗
k → +∞, s.t. 

M∗
k‖uk‖ → 0. Set ũk = uk‖uk‖ . We claim that for ∀ϕ ∈

C∞
0

(
R
N

)
,

lim
k→+∞

∣∣ ∫
RN
g (x,uk)ϕ

∣∣
‖uk‖ = 0. (3.14)

Actually, notice that C∞
0

(
R
N

) ⊂ L1
(
R
N

)
, so for ∀ϕ ∈ C∞

0

(
R
N

)
, ∀ε > 0, ∃K∗

1 =
K∗

1 (ε,ϕ) ∈ N, ∀k ≥K∗
1 ,

∫
|uk |<M∗

k

|g (x,uk)ϕ|
‖uk‖ ≤ βM

∗
k

‖uk‖ · ‖ϕ‖L1
(
RN

)

≤ ε

2‖ϕ‖L1
(
RN

) · ‖ϕ‖L1
(
RN

) = ε
2
. (3.15)

On the other hand, ∀ε > 0, ∃S∗ = S∗ (ε,ϕ) > 0, ∀s ∈R, |s| ≥ S∗,

max
N

∣∣∣∣f (x, s)− as− − bs+ ∣∣∣∣< ε
, (3.16)
x∈R s 2‖ϕ‖
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and hence ∃K∗
2 =K∗

2 (ε,ϕ) ∈N, ∀k ≥K∗
2 , M∗

k > S
∗,

∫
|uk |≥M∗

k

|g (x,uk)ϕ|
‖uk‖

=
∫

|uk |≥M∗
k

∣∣∣∣g (x,uk)uk

∣∣∣∣ · |̃uk| · |ϕ|

≤ ε

2‖ϕ‖
∫
RN

|̃uk| · |ϕ|

≤ ε

2‖ϕ‖

⎛⎜⎝ ∫
RN

|̃uk|2
⎞⎟⎠

1
2
⎛⎜⎝ ∫

RN

|ϕ|2
⎞⎟⎠

1
2

≤ ε

2‖ϕ‖ · ‖ϕ‖ = ε
2

. (3.17)

Therefore, for ∀k ≥K∗ =� 
(
K∗

1 ,K
∗
2

)
,

∣∣ ∫
RN
g (x,uk)ϕ

∣∣
‖uk‖

≤
∫

|uk |<M∗
k

|g (x,uk)ϕ|
‖uk‖ +

∫
|uk |≥M∗

k

|g (x,uk)ϕ|
‖uk‖

≤ ε
2

+ ε
2

= ε (3.18)

and this alludes to the claim.
Assume ũk ⇀ u0 in H 1

(
R
N

)
, then ũk → u0 in Lploc

(
R
N

)
, 2 ≤ p < 2∗. According to 

the definition, for fixed ϕ ∈ C∞
0

(
R
N

)
, there is a bounded open domain � ⊂ R

N such that {
x ∈R

N : ϕ (x) �= 0
} ⊂ �. Therefore, ũk → u0 in L2 (�). Since 

∥∥J ′(uk)
∥∥
m‖uk‖ → 0, by (3.14), we 

have ∫
RN

∇u0∇ϕ + V (x)u0ϕ = a
∫
RN

u−
0 ϕ + b

∫
RN

u+
0 ϕ,∀ϕ ∈ C∞

0

(
R
N

)
. (3.19)

Now we show that∫
RN

∇u0∇ϕ + V (x)u0ϕ = a
∫
RN

u−
0 ϕ + b

∫
RN

u+
0 ϕ,∀ϕ ∈H 1

(
R
N

)
, (3.20)

and this indeed indicates that u0 is a weak solution of (1.3).
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Notice that C∞
0

(
R
N

)
is dense in H 1

(
R
N

)
, so for fixed ϕ ∈ H 1

(
R
N

)
, we assume {ϕk}+∞

k=1
⊂ C∞

0

(
R
N

)
, ϕk → ϕ in H 1

(
R
N

)
. An argument analogous to the combination of (2.16) and 

(2.17) gets

lim
k→+∞

∫
RN

V (x)u0ϕk =
∫
RN

V (x)u0ϕ, (3.21)

alluding to (3.20).
Since (a, b) /∈� (A), we derive u0 = 0. Now we claim that ‖ũk‖L2 → 0. Otherwise, ∃δ∗ > 0, 

∃K1 ∈ N, ∀k ∈ N, k ≥ K1, ‖ũk‖L2 ≥ δ∗. In view of the hypotheses, it is easy to verify the 
following fact

sup
s1, s2∈R, s1 �=s2

sup
x∈RN

f (x, s1)− f (x, s2)
s1 − s2 ≤�(a,b)+ β. (3.22)

Notice that 
∣∣〈J ′(uk),uk

〉
m

∣∣
‖uk‖2 → 0, hence, for ∀ε > 0, ∃K2 ∈N, ∀k ∈N, k ≥K2,

∫
RN

∣∣∇PNl ũk∣∣2 + V (x) (PNl ũk)2

+
∫
RN

∣∣∣∇PN⊥
l
ũk

∣∣∣2 + V (x)
(
PN⊥

l
ũk

)2

≤
∫
uk �=0

f (x,uk)

uk
ũ2
k + ε ≤ (�(a, b)+ β)‖ũk‖2

L2 + ε, (3.23)

where PN⊥
l

is the orthogonal projection onto N⊥
l in L2

(
R
N

)
.

The hypothesis shows � (a, b)+ β < θl := �
(
μdl+1, σ0

) = min
{
μdl+1, σ0

}
, and then there 

exists d∗ ∈ (�(a, b)+ β, θl), for ε > 0 sufficiently small and ∀k ∈N, k ≥K =� (K1,K2),

(�(a, b)+ β)‖ũk‖2
L2 + ε ≤ d∗ ‖ũk‖2

L2 . (3.24)

Inserting (3.24) into (3.23), ∫
RN

∣∣∇PNl ũk∣∣2 + V (x) (PNl ũk)2

+
∫
RN

∣∣∣∇PN⊥
l
ũk

∣∣∣2 + V (x)
(
PN⊥

l
ũk

)2

≤ d∗ ∥∥PNl ũk∥∥2
L2 + d∗

∥∥∥PN⊥
l
ũk

∥∥∥2

L2
, (3.25)

and therefore by Lemma 2.11,
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(
θl − d∗)∥∥∥PN⊥

l
ũk

∥∥∥2

L2

≤
∫
RN

∣∣∣∇PN⊥
l
ũk

∣∣∣2 + V (x)
(
PN⊥

l
ũk

)2 − d∗
∥∥∥PN⊥

l
ũk

∥∥∥2

L2

≤ d∗ ∥∥PNl ũk∥∥2
L2 −

∫
RN

∣∣∇PNl ũk∣∣2 + V (x) (PNl ũk)2

≤ (
d∗ −μ1

)∥∥PNl ũk∥∥2
L2 , (3.26)

i.e.,

∥∥∥PN⊥
l
ũk

∥∥∥2

L2
≤ d

∗ −μ1

θl − d∗
∥∥PNl ũk∥∥2

L2 . (3.27)

As u0 = 0, by step one, PNl ũk → 0 in H 1
(
R
N

)
, and thus

PNl ũk → 0 in L2
(
R
N

)
. (3.28)

Thereby, it follows from (3.27) that

PN⊥
l
ũk → 0 in L2

(
R
N

)
. (3.29)

(3.28) + (3.29) ⇒ ũk → 0 in L2
(
R
N

)
, which contradicts original hypothesis ‖̃uk‖L2 ≥ δ∗ for 

k ≥K1. We arrive at the claim as desired. By [23], for ∀r ∈ (2,2∗),

‖ũk‖Lr → 0, (3.30)

and accordingly,

1 =
〈
J ′ (uk) , uk

〉
m

‖uk‖2
−

∫
RN

V (x) ũ2
k

+‖ũk‖2
L2 +

∫
{
x∈RN : uk �=0

}
f (x,uk)

uk
ũ2
k

≤ ∥∥J ′ (uk)
∥∥
m

· ‖uk‖m
‖uk‖2

+ ‖V1‖Lp · ‖ũk‖2
L2q

+ (‖V2‖L∞ + |�(a,b)| + β + 1) · ‖ũk‖2
L2

→ 0 (3.31)

as k→ +∞, 1
p

+ 1
q

= 1, p > N
2 if N ≥ 4, and p = 2 if N ≤ 3. We get a contradiction! The proof 

is complete.
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Step three. We show that any sequence {uk}+∞
k=1 ⊂H 1

m

(
R
N

)
, s.t. 

∥∥J ′ (uk)
∥∥
m

→ 0, contains a 
convergent subsequence. Since {uk}+∞

k=1 is bounded in H 1
(
R
N

)
by step two, we assume uk ⇀ u0

in H 1
(
R
N

)
. For ϕ ∈ C∞

0

(
R
N

)
, there is a bounded domain � ⊂R

N , 
{
x ∈ R

N : ϕ (x) �= 0
} ⊂�. 

Hence, uk → u0 in L2 (�). As

|f (x, s)| ≤ (�(|a| , |b|)+ β) · (1 + |s|) , (3.32)

for ∀x ∈ R
N , ∀s ∈R, by Proposition 3.5,∣∣∣∣∣∣∣

∫
RN

[
f (x,uk)− f (x,u0)

] · ϕ

∣∣∣∣∣∣∣
≤ ‖f (x,uk)− f (x,u0)‖L2(�) · ‖ϕ‖L2(�) → 0, (3.33)

and a standard argument shows

lim
k→+∞

∫
RN

V (x)ukϕ =
∫
RN

V (x)u0ϕ. (3.34)

Consequently, ∫
RN

∇u0∇ϕ + V (x)u0ϕ =
∫
RN

f (x,u0)ϕ,∀ϕ ∈ C∞
0

(
R
N

)
. (3.35)

Based on the density of C∞
0

(
R
N

)
in H 1

(
R
N

)
, we yield∫

RN

∇u0∇ϕ + V (x)u0ϕ =
∫
RN

f (x,u0)ϕ,∀ϕ ∈H 1
(
R
N

)
, (3.36)

and this indicates that u0 is a weak solution of (1.1).
Now we remain to prove uk → u0 in H 1

(
R
N

)
. Note that

〈
J ′ (uk)− J ′ (u0) , uk − u0

〉
m

=
∫
RN

|∇ (uk − u0)|2 + V (x) (uk − u0)
2

−
∫
RN

[
f (x,uk)− f (x,u0)

] · (uk − u0)

→ 0, (3.37)

hence, by (3.37), for ∀ε > 0, ∃K∗ ∈ N, ∀k ∈ N, k ≥K∗, such that
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∫
RN

∣∣∇PNl (uk − u0)
∣∣2 + V (x) ∣∣PNl (uk − u0)

∣∣2

+
∫
RN

∣∣∣∇PN⊥
l
(uk − u0)

∣∣∣2 + V (x)
∣∣∣PN⊥

l
(uk − u0)

∣∣∣2

≤
∫
RN

[
f (x,uk)− f (x,u0)

] · (uk − u0)+ ε

≤ (�(a, b)+ β)‖uk − u0‖2
L2 + ε. (3.38)

Mimicking the trick employed by preceding argument, we derive

uk → u0 in L2
(
R
N

)
. (3.39)

Once again by [23], for ∀r ∈ (2,2∗),

uk → u0 in Lr
(
R
N

)
. (3.40)

Using (3.37), (3.39) and (3.40) we have

‖uk − u0‖2 ≤ ∥∥J ′ (uk)
∥∥
m

· ‖uk − u0‖m + ‖V1‖Lp · ‖uk − u0‖2
L2q

+ (‖V2‖L∞ + |�(a,b)| + β + 1) · ‖uk − u0‖2
L2

→ 0, (3.41)

1
p

+ 1
q

= 1, p > N
2 if N ≥ 4, and p = 2 if N ≤ 3. The assertion follows. �

4. Convexity and concavity

Before presenting section, we first recall some definitions:

Definition 4.1. Let E be a Hilbert space and μ > 0 be a number. A map h :E→E is said to be 
μ-monotone on E if and only if

〈h(u)− h(v) ,u− v〉E ≥ μ‖u− v‖2
E ,∀u,v ∈E. (4.1)

Definition 4.2. Let E be a Hilbert space. A function I : E→ R is said to be μ-convex on E if 
and only if for ∀t ∈ [0,1], ∀u, v ∈E,

I ((1 − t) u+ tv)+ μ
2
t (1 − t)‖u− v‖2

E ≤ (1 − t) I (u)+ tI (v) . (4.2)

Assume:
(V ∗): Let V be a K–R potential, σdis (A) �= ∅, infσ (A) = infσdis (A), {λi}li=1 ∈ σdis (A), 

σdis (A)∩ [μ1, λl] = {λi}l , l ≥ 1, s.t., λ1 = μ1 = infσ (A) < λ2 < · · ·< λl < σ0.
i=1
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Lemma 4.3. Under the hypothesis (V ∗), then for fixed v ∈ Nl , I (v +w,a, b) is μ-convex in 
w ∈Ml if and only if w1, w2 ∈Ml ,〈

I ′ (v +w1, a, b)− I ′ (v +w2, a, b) ,w1 −w2
〉
m

≥ μ‖w1 −w2‖2
m . (4.3)

Proof. “Only if”. According to the definition, if I (v +w,a, b) is μ-convex in w ∈Ml , then for 
fixed v ∈Nl , ∀t ∈ [0,1], ∀w1, w2 ∈Ml ,

I (v+ (1 − t)w1 + tw2, a, b)+ μ
2
t (1 − t)‖w1 −w2‖2

m

≤ (1 − t) I (v+w1, a, b)+ tI (v +w2, a, b) , (4.4)

i.e.,

I (v +w1 + t (w2 −w1) , a, b)− I (v+w1, a, b)+ μ
2
t (1 − t)‖w1 −w2‖2

m

≤ t [I (v +w2, a, b)− I (v+w1, a, b)] . (4.5)

Therefore,

1∫
0

〈
I ′ (v +w1 + st (w2 −w1) , a, b) ,w2 −w1

〉
m
ds + μ

2
(1 − t)‖w1 −w2‖2

m

≤ I (v +w2, a, b)− I (v+w1, a, b) . (4.6)

Make use of the integral theorem of the mean, ∃s1 ∈ (0,1),
〈
I ′ (v +w1 + s1t (w2 −w1) , a, b) ,w2 −w1

〉
m

+ μ
2
(1 − t)‖w1 −w2‖2

m

≤ I (v +w2, a, b)− I (v+w1, a, b) . (4.7)

Proceeding along the same lines,

1∫
0

〈
I ′ (v +w2 + st (w1 −w2) , a, b) ,w1 −w2

〉
m
ds + μ

2
(1 − t)‖w1 −w2‖2

m

≤ I (v +w1, a, b)− I (v+w2, a, b) , (4.8)

and thus, ∃s2 ∈ (0,1),
〈
I ′ (v +w2 + s2t (w1 −w2) , a, b) ,w1 −w2

〉
m

+ μ
2
(1 − t)‖w1 −w2‖2

m

≤ I (v +w1, a, b)− I (v+w2, a, b) . (4.9)

Let t → 0, hence, the combination of (4.7) and (4.9) obtains
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〈
I ′ (v +w1, a, b) ,w2 −w1

〉
m

+ μ
2 ‖w1 −w2‖2

m ≤ I (v +w2, a, b)− I (v +w1, a, b) ,〈
I ′ (v +w2, a, b) ,w1 −w2

〉
m

+ μ
2 ‖w1 −w2‖2

m ≤ I (v +w1, a, b)− I (v +w2, a, b) ,

}
(4.10)

and this gets (4.3).
“If”. Observe that (4.4) is equivalent to (4.6), and (4.6) can be replaced by

1∫
0

〈
I ′ (v+w1 + st (w2 −w1) , a, b) ,w2 −w1

〉
m
ds + μ

2
(1 − t)‖w1 −w2‖2

m

≤
1∫

0

〈
I ′ (v +w1 + s (w2 −w1) , a, b) ,w2 −w1

〉
m
ds, (4.11)

yielding

1∫
0

〈
I ′ (v +w1 + s (w2 −w1) , a, b)− I ′ (v +w1 + st (w2 −w1) , a, b) ,w2 −w1

〉
m
ds

≥ μ
2
(1 − t)‖w1 −w2‖2

m . (4.12)

(4.12) is clearly derived by (4.3). We conclude the proof. �
Lemma 4.4. Under the hypothesis (V ∗), if � (a, b) < θl = �

(
μdl+1, σ0

)
, then for fixed v ∈Nl , 

I ′
w (v+w,a, b) is μ-monotone on Ml , i.e., ∃μ > 0, for ∀w1, w2 ∈Ml ,〈

I ′
w (v +w1, a, b)− I ′

w (v+w2, a, b) ,w1 −w2
〉
m

≥ μ‖w1 −w2‖2
m . (4.13)

Proof. Due to the facts

(v+w1)
+ − (v+w2)

+ ≤ (w1 −w2)
+ , (4.14)

(v+w1)
+ − (v+w2)

+ ≥ (w1 −w2)
− , (4.15)

(v+w1)
− − (v+w2)

− ≥ (w1 −w2)
− , (4.16)

(v+w1)
− − (v+w2)

− ≤ (w1 −w2)
+ , (4.17)

we have 〈
I ′ (v +w1, a, b)− I ′ (v +w2, a, b) ,w1 −w2

〉
m

=
∫
RN

|∇ (w1 −w2)|2 + V (x) (w1 −w2)
2 − a ‖w1 −w2‖2

L2

− (b− a)
∫
N

[
(v+w1)

+ − (v +w2)
+] · (w1 −w2)

+

R
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− (b− a)
∫
RN

[
(v +w1)

+ − (v +w2)
+] · (w1 −w2)

−

≥
∫
RN

|∇ (w1 −w2)|2 + V (x) (w1 −w2)
2 − a ‖w1 −w2‖2

L2

− (b− a)∥∥(w1 −w2)
+∥∥2
L2 − (b− a)∥∥(w1 −w2)

−∥∥2
L2

≥ θl − b
θl +m ‖w1 −w2‖2

m (4.18)

if a ≤ b, and 〈
I ′ (v+w1, a, b)− I ′ (v+w2, a, b) ,w1 −w2

〉
m

=
∫
RN

|∇ (w1 −w2)|2 + V (x) (w1 −w2)
2 − b ‖w1 −w2‖2

L2

− (a − b)
∫
RN

[
(v +w1)

− − (v +w2)
−] · (w1 −w2)

+

− (a − b)
∫
RN

[
(v +w1)

− − (v +w2)
−] · (w1 −w2)

−

≥
∫
RN

|∇ (w1 −w2)|2 + V (x) (w1 −w2)
2 − b ‖w1 −w2‖2

L2

− (a − b)∥∥(w1 −w2)
+∥∥2
L2 − (a − b)∥∥(w1 −w2)

−∥∥2
L2

≥ θl − a
θl +m ‖w1 −w2‖2

m (4.19)

if b ≤ a. This ends (4.13) as desired. �
Using Lemma 4.3 and Lemma 4.4 we have

Corollary 4.5. Under the hypotheses of Lemma 4.4, for fixed v ∈Nl , I (v +w,a, b) is μ-convex 
in w ∈Ml .
Definition 4.6. Let E be a Hilbert space and ρ > 0 be a number. A map h :E→E is said to be 
ρ-antimonotone on E if and only if

〈h(u)− h(v) ,u− v〉E ≤ −ρ ‖u− v‖2
E ,∀u,v ∈E. (4.20)

Definition 4.7. Let E be a Hilbert space. A function I : E→ R is said to be ρ-concave on E if 
and only if for ∀t ∈ [0,1], ∀u, v ∈E,

I ((1 − t) u+ tv)− ρ
2
t (1 − t)‖u− v‖2

E ≥ (1 − t) I (u)+ tI (v) . (4.21)

An argument quite similar to Lemma 4.3 yields
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Lemma 4.8. Under the hypothesis (V ∗), for fixed w ∈Ml , I (v +w,a, b) is ρ-concave in v ∈Nl
if and only if ∀v1, v2 ∈Nl ,〈

I ′ (v1 +w,a, b)− I ′ (v2 +w,a, b) , v1 − v2
〉
m

≤ −ρ ‖v1 − v2‖2
m . (4.22)

Lemma 4.9. Under the hypothesis (V ∗), if � (a, b) > λl , then for fixed w ∈Ml , I ′
v (v +w,a, b)

is ρ-antimonotone on Nl , i.e., ∃ρ > 0, for ∀v1, v2 ∈Nl ,〈
I ′
v (v1 +w,a, b)− I ′

v (v2 +w,a, b) , v1 − v2
〉
m

≤ −ρ ‖v1 − v2‖2
m . (4.23)

Proof. An argument analogous to the proof of Lemma 4.4 indicates that〈
I ′ (v1 +w,a, b)− I ′ (v2 +w,a, b) , v1 − v2

〉
m

=
∫
RN

|∇ (v1 − v2)|2 + V (x) (v1 − v2)
2 − a ‖v1 − v2‖2

L2

− (b− a)
∫
RN

(
(v1 +w)+ − (v2 +w)+)

(v1 − v2)
+

− (b− a)
∫
RN

(
(v1 +w)+ − (v2 +w)+)

(v1 − v2)
−

≤
∫
RN

|∇ (v1 − v2)|2 + V (x) (v1 − v2)
2 − a ‖v1 − v2‖2

L2

≤ − a − λl
λl +m ‖v1 − v2‖2

m , (4.24)

as a ≤ b, and 〈
I ′ (v1 +w,a, b)− I ′ (v2 +w,a, b) , v1 − v2

〉
m

=
∫
RN

|∇ (v1 − v2)|2 + V (x) (v1 − v2)
2 − b ‖v1 − v2‖2

L2

− (a − b)
∫
RN

[
(v1 +w)− − (v2 +w)−] · (v1 − v2)

+

− (a − b)
∫
RN

[
(v1 +w)− − (v2 +w)−] · (v1 − v2)

−

≤
∫
RN

|∇ (v1 − v2)|2 + V (x) (v1 − v2)
2 − b ‖v1 − v2‖2

L2

≤ − b− λl
λl +m ‖v1 − v2‖2

m (4.25)

as b ≤ a, fulfilling the prophecy (4.23). �
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Resorting to Lemma 4.8 and Lemma 4.9 we get

Corollary 4.10. Under the hypotheses of Lemma 4.9, for fixed w ∈ Ml , I (v +w,a, b) is 
ρ-concave in v ∈Nl , i.e., for ∀t ∈ [0,1], ∀v1, v2 ∈Nl ,

I ((1 − t) v1 + tv2 +w,a, b)− ρ
2
t (1 − t)‖u− v‖2

m

≥ (1 − t) I (v1 +w,a, b)+ tI (v2 +w,a, b) . (4.26)

5. The Fučík spectrum of Schrödinger operator

5.1. Computation of critical groups C∗ (I,0)

Review the definitions of the following quantities

F1l (w, a, b)= sup {I (v+w,a, b) : v ∈Nl} , (5.1)

F2l (v, a, b)= inf {I (v +w,a, b) :w ∈Ml} , (5.2)

Rl (a, b)= inf {F1l (w, a, b) :w ∈Ml} , (5.3)

rl (a, b)= sup {F2l (v, a, b) : v ∈Nl} , (5.4)

Ml (a, b)= inf {F1l (w, a, b) :w ∈Ml,‖w‖ = 1} , (5.5)

ml (a, b)= sup {F2l (v, a, b) : v ∈Nl,‖v‖ = 1} , (5.6)

νl (a)= sup {b :Ml (a, b)≥ 0} , (5.7)

μl (a)= inf {b :ml (a, b)≤ 0} , (5.8)

where (5.1)–(5.4) were introduced by [35], and quantities (5.5)–(5.8) were introduced by Cac [7]
(with some changes in notation).

Let E be a Hilbert space and f ∈ C1 (E,R). Set Kf = {
u ∈E : f ′ (u)= 0

}
for the set of 

critical points of f on E, and assume that u0 is an isolated critical point of f on E, c= f (u0).
Recall that the q-th critical group, with coefficient group G of f at u0, is defined by

Cq (f,u0)=Hq
(
f c ∩U,f c ∩U\ {u0} ,G

)
, (5.9)

where f c = {u ∈E : f (u)≤ c} denotes the sublevel sets as usual, and U is any neighborhood of 
u0 such that u0 is the only critical point of f in f c ∩U , and H∗ (X,Y,G) represents the singular 
relative homology groups with the abelian coefficient group G. According to the definition, if 
(a, b) /∈� (A), 0 is the only critical point of I in H 1

(
R
N

)
, and hence we can take U =H 1

(
R
N

)
. 

Then

Cq (I,0)=Hq
(
I 0, I 0\ {0}

)
. (5.10)

For the convenience of later discussion, an additional assumption on V (x) is presented here:
(V2) V (x) is a real potential, s.t.,
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inf
x∈RN

V (x) >−∞. (5.11)

Lemma 5.1. Under the hypothesis (V ∗), if
(i) � (a, b) < θl;
or
(ii) (V2) follows, and � (a, b) <� (a, b)= θl < σ0,
then for each v ∈Nl , F2l (v, a, b) can be achieved and every minimizing sequence contains a 

convergent subsequence. Moreover, if � (a, b) < θl , the minimizer is unique.

Proof. First of all, we show that for fixed v ∈Nl , I (v +w, a, b) is coercive on Ml , i.e., for any 
sequence 

{
w∗
i

}+∞
i=1 ⊂Ml ,

I (v +w∗
i , a, b)→ +∞ (5.12)

as 
∥∥w∗

i

∥∥
m

→ +∞. By way of negation, there exist M > 0 and a renamed sequence 
{
w∗
i

}+∞
i=1 ⊂

Ml , s.t.

I (v +w∗
i , a, b)≤M (5.13)

as 
∥∥w∗

i

∥∥
m

→ +∞.
If � (a, b) < θl , we have

M ≥ I (
v+w∗

i , a, b
)

= 1

2

∫
RN

|∇v|2 + V (x)v2 + 1

2

∫
RN

∣∣∇w∗
i

∣∣2 + V (x) ∣∣w∗
i

∣∣2
−a

2

∥∥∥(
v+w∗

i

)−∥∥∥2

L2
− b

2

∥∥∥(
v +w∗

i

)+∥∥∥2

L2

≥ 1

2

∫
RN

|∇v|2 + V (x)v2 − �(a,b)
2

‖v‖2
L2

+θl −�(a,b)
2 (θl +m) · ∥∥w∗

i

∥∥2
m

(5.14)

and so we get the boundedness of 
∥∥w∗
i

∥∥
m

, contradicting 
∥∥w∗
i

∥∥
m

→ +∞.
In the case of � (λ1,� (a, b)) < � (a, b) = θl < σ0, without loss of generality, assume a <

b= θl = μdl+1. We claim that ∃εi ≥ 0, εi → 0, s.t.

a

∥∥∥(
v+w∗

i

)−∥∥∥2

L2
+ b

∥∥∥(
v+w∗

i

)+∥∥∥2

L2
= (b− εi)

∥∥v +w∗
i

∥∥2
L2 . (5.15)

Otherwise, ∃α > 0, lim
i→+∞

εi ≥ α. Notice that 
∥∥w∗
i

∥∥
m

→ +∞ ⇒ ∥∥w∗
i

∥∥
L2 → +∞, conse-

quently, (5.14) yields
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M ≥ 1

2

∫
RN

|∇v|2 + V (x)v2 + 1

2

∫
RN

∣∣∇w∗
i

∣∣2 + V (x) ∣∣w∗
i

∣∣2

−a
2

∥∥∥(
v+w∗

i

)−∥∥∥2

L2
− b

2

∥∥∥(
v +w∗

i

)+∥∥∥2

L2

≥ 1

2

∫
RN

|∇v|2 + V (x)v2 − 1

2
(b− α)‖v‖2

L2 + α
2

∥∥w∗
i

∥∥2
L2 → +∞. (5.16)

No way! The claim is thus proved.
By (5.15) we get

(b− a − εi)
∥∥∥(
v+w∗

i

)−∥∥∥2

L2
= εi

∥∥∥(
v +w∗

i

)+∥∥∥2

L2
. (5.17)

Denote λl+1 = μdl+1 with j = dimE (λl+1), where E (λl+1) is the eigenspace spanned by 

λl+1. Set w∗
i = t (i)l+1ψ

(i)
l+1 + w̃i , t (i)l+1 ≥ 0, ψ(i)l+1 ∈ E (λl+1), 

∥∥∥ψ(i)l+1

∥∥∥
m

= 1, and w̃i ∈Ml+1. As 

μdl+j+1 > b, an argument analogous to (5.14) shows the boundedness of ‖w̃i‖L2 via (5.15), and 
thus t (i)l+1 → +∞. For the sake of this, ∃I ∈N, ∀i ≥ I ,

(b− a − εi)
∥∥y−
i

∥∥2
L2 = εi

∥∥y+
i

∥∥2
L2 , (5.18)

yi = v

t
(i)
l+1

+ ψ(i)l+1 + w̃i

t
(i)
l+1

. Obviously, yi → ψ∗
l+1 in H 1

m

(
R
N

)
, ψ∗
l+1 ∈ E (λl+1), and hence yi →

ψ∗
l+1 in L2

(
R
N

)
. Sending i to infinity for (5.18) obtains∥∥∥(

ψ∗
l+1

)−∥∥∥
L2

= 0. (5.19)

This implies ψ∗
l+1 ≥ 0 a.e. on RN . On the other side, as V is a K–R potential, it follows from 

(V2) that A defined as a sum of quadratic forms, has a nondegenerate strictly positive ground 
state, i.e., λ1 is a simple eigenvalue and the corresponding eigenfunction ψ1 is strictly positive 
(see Theorem XIII.48, [33]). Based on above argument, we derive a paradox that 

∥∥ψ∗
l+1

∥∥
m

= 1

with ψ∗
l+1 = 0 a.e. on RN .

Coerciveness of I (v +w, a, b) on Ml indicates the boundedness of any sequence {wk}+∞
k=1 ⊂

Ml , s.t.

I (v+wk,a, b)→ F2l (v, a, b) . (5.20)

Assume wk ⇀ w0 in H 1
m. Notice that a convex set is weakly closed iff it is strongly closed. 

And I (v +w, a, b) is convex in w ∈Ml , so the weak lower semicontinuity of I (v+w, a, b) on 
Ml is equivalent to the lower semicontinuity of I (v+w, a, b) on Ml . Thanks to the coerciveness 
of I (v +w, a, b) on Ml , it follows that

I (v+w0, a, b)= F2l (v, a, b) . (5.21)

Thereby, ∀w̃ ∈Ml ,
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〈
I ′ (v +w0, a, b) , w̃

〉
m

=
∫
RN

∇w0∇w̃+
∫
RN

V (x)w0w̃

−a
∫
RN

(v +w0)
− · w̃− b

∫
RN

(v +w0)
+ · w̃

= 0. (5.22)

Secondly, we claim that∥∥PMl I ′ (v+wk,a, b)
∥∥
Ml

:= sup
ϕ∈Ml‖ϕ‖m=1

∣∣〈PMl I ′ (v +wk,a, b) ,ϕ
〉
m

∣∣ → 0. (5.23)

Indeed, for fixed v ∈ Nl , {wk}+∞
k=1 is a minimizing sequence of the infimum F2l (v, a, b), 

and thus, using Ekeland variational principle, there exists a sequence {w̃k}+∞
k=1 ⊂ Ml , with 

‖w̃k −wk‖m → 0 and ∥∥PMl I ′ (v+ w̃k, a, b)
∥∥
Ml

→ 0. (5.24)

Observe that for ϕ ∈H 1
m

(
R
N

)
, ‖ϕ‖m = 1,〈

PMl I
′ (v + w̃k, a, b) ,ϕ

〉
m

=
∫
RN

∇PMl I ′ (v+ w̃k, a, b)∇PMlϕ + (V +m)PMl I ′ (v + w̃k, a, b) · ϕ

+
∫
RN

∇PMl I ′ (v+ w̃k, a, b)∇PNlϕ. (5.25)

And by [22], it follows from PMl I
′ (v + w̃k, a, b) ∈ H 1

m

(
R
N

)
and PNlϕ ∈ H 2

(
R
N

)
that 

PMl I
′ (v + w̃k, a, b)�PNlϕ ∈L1

(
R
N

)
.

Hence, 〈
PMl I

′ (v + w̃k, a, b) ,ϕ
〉
m

=
∫
RN

∇I ′ (v+ w̃k, a, b)∇PMlϕ + (V +m)I ′ (v + w̃k, a, b) · PMlϕ

= 〈
I ′ (v + w̃k, a, b) ,PMlϕ

〉
m
. (5.26)

Consequently, 〈
PMl I

′ (v+wk,a, b)− PMl I ′ (v + w̃k, a, b) ,ϕ
〉
m

=
∫
N

∇ (wk − w̃k)∇PMlϕ + V (x) (wk − w̃k)PMlϕ

R
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−a
∫
RN

[
(v +wk)− − (v+ w̃k)−

] · PMlϕ

−b
∫
RN

[
(v +wk)+ − (v+ w̃k)+

] · PMlϕ. (5.27)

Notice that

(v+wk)− − (v+ w̃k)− ≤ − (w̃k −wk)− ≤ |wk − w̃k| , (5.28)

(v+wk)− − (v+ w̃k)− ≥ (wk − w̃k)− ≥ −|wk − w̃k| , (5.29)

(v+wk)+ − (v+ w̃k)+ ≤ (wk − w̃k)+ ≤ |wk − w̃k| , (5.30)

(v+wk)+ − (v+ w̃k)+ ≥ − (w̃k −wk)+ ≥ −|wk − w̃k| , (5.31)

therefore, one deduces from (5.27) that for ∀ϕ ∈Ml , ‖ϕ‖m = 1,∣∣〈PMl I ′ (v +wk,a, b) ,ϕ
〉
m

∣∣
≤ ∣∣〈PMl I ′ (v +wk,a, b)− PMl I ′ (v + w̃k, a, b) ,ϕ

〉
m

∣∣
+ ∣∣〈PMl I ′ (v+ w̃k, a, b) ,ϕ

〉
m

∣∣
≤ [1 + 2 (|a| + |b| + 2m)] · ‖wk − w̃k‖m

+∥∥PMl I ′ (v+ w̃k, a, b)
∥∥
Ml

→ 0, (5.32)

alluding to (5.23), 1
p

+ 1
q

= 1, p > N
2 if N ≥ 4, and p = 2 if N ≤ 3.

By (5.23) we have ∣∣〈PMl I ′ (v +wk,a, b) ,wk −w0
〉
m

∣∣
= ∣∣〈I ′ (v +wk,a, b) ,wk −w0

〉
m

∣∣ → 0. (5.33)

It might as well assume a ≤ b. In (5.22), taking w̃ =wk −w0 yields

0 ← 〈
I ′ (v +wk,a, b)− I ′ (v+w0, a, b) ,wk −w0

〉
m

=
∫
RN

|∇ (wk −w0)|2 + V (x) (wk −w0)
2 − a ‖wk −w0‖2

L2

− (b− a)
∫
RN

[
(v+wk)+ − (v +w0)

+] · (wk −w0)

≥
∫
RN

|∇ (wk −w0)|2 + V (x) (wk −w0)
2 − b ‖wk −w0‖2

L2

≥ θl − b ‖wk −w0‖2
m , (5.34)
θl +m
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which implies that wk → w0 in H 1
m

(
R
N

)
as b < θl . If b = θl < σ0, set wk − w0 =

PE
(
λl+1

) (wk −w0)+ PMl+1 (wk −w0), (5.34) obtains

0 ← 〈
I ′ (v +wk,a, b)− I ′ (v+w0, a, b) ,wk −w0

〉
m

≥
∫
RN

∣∣∣∇PE(
λl+1

) (wk −w0)

∣∣∣2 + V (x)
∣∣∣PE(

λl+1
) (wk −w0)

∣∣∣2

−b
∥∥∥PE(

λl+1
) (wk −w0)

∥∥∥2

L2

+
∫
RN

∣∣∇PMl+1 (wk −w0)
∣∣2 + V (x) ∣∣PMl+1 (wk −w0)

∣∣2

−b ∥∥PMl+1 (wk −w0)
∥∥2
L2

≥ (
μdl+j+1 − b)∥∥PMl+1 (wk −w0)

∥∥2
L2 , (5.35)

and this gets

PMl+1wk → PMl+1w0 in L2
(
R
N

)
. (5.36)

Note that wk ⇀w0 in H 1
m

(
R
N

) ⇐⇒wk ⇀w0 in H 1
(
R
N

)
(see Lemma 9.3), so we have

∫
RN

PE
(
λl+1

)wkϕ→
∫
RN

PE
(
λl+1

)w0ϕ,∀ϕ ∈L2
(
R
N

)
, (5.37)

and hence,

PE
(
λl+1

)wk → PE
(
λl+1

)w0 in L2
(
R
N

)
. (5.38)

(5.36) together with (5.38) derives

wk →w0 in L2
(
R
N

)
, (5.39)

and this shows wk →w0 in H 1
m

(
R
N

)
by (5.34).

Finally, uniqueness follows directly from (4.19). The proof is complete. �
Set I (v + τ (v, a, b) , a, b)= F2l (v, a, b), τ (v, a, b) ∈Ml , we have

Lemma 5.2. Under the hypothesis (V ∗), if � (a, b) < θl , then τ (v, a, b) is continuous on v ∈Nl .

Proof. Without loss of generality, assume a ≤ b. Let vn → v0 in Nl . Notice that
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0 = 〈
I ′ (vn + τ (vn, a, b) , a, b)− I ′ (v0 + τ (v0, a, b) , a, b) , τ (vn, a, b)− τ (v0, a, b)

〉
m

=
∫
RN

|∇ (τ (vn, a, b)− τ (v0, a, b))|2 + V (x) |τ (vn, a, b)− τ (v0, a, b)|2

−a ‖τ (vn, a, b)− τ (v0, a, b)‖2
L2

− (b− a)
∫
RN

(vn + τ (vn, a, b))+ · (τ (vn, a, b)− τ (v0, a, b))

+ (b− a)
∫
RN

(v0 + τ (v0, a, b))
+ · (τ (vn, a, b)− τ (v0, a, b)) , (5.40)

and

(vn + τ (vn, a, b))+ − (v0 + τ (v0, a, b))
+

≤ (vn − v0 + τ (vn, a, b)− τ (v0, a, b))
+

≤ (vn − v0)
+ + (τ (vn, a, b)− τ (v0, a, b))

+ , (5.41)

and also

(vn + τ (vn, a, b))+ − (v0 + τ (v0, a, b))
+

≥ − (v0 − vn + τ (v0, a, b)− τ (vn, a, b))+
≥ (vn − v0)

− + (τ (vn, a, b)− τ (v0, a, b))
− , (5.42)

we yield

0 ≥
∫
RN

|∇ (τ (vn, a, b)− τ (v0, a, b))|2 + V (x) |τ (vn, a, b)− τ (v0, a, b)|2

−b ‖τ (vn, a, b)− τ (v0, a, b)‖2
L2

− (b− a)
∫
RN

(vn − v0)
+ · (τ (vn, a, b)− τ (v0, a, b))

+

− (b− a)
∫
RN

(vn − v0)
− · (τ (vn, a, b)− τ (v0, a, b))

−

≥ θl − b
θl +m ‖τ (vn, a, b)− τ (v0, a, b)‖2

m

−2 (b− a)‖vn − v0‖L2 · ‖τ (vn, a, b)− τ (v0, a, b)‖L2 , (5.43)

and thus
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θl − b
θl +m ‖τ (vn, a, b)− τ (v0, a, b)‖2

m

≤ 2 (b− a)‖vn − v0‖ · ‖τ (vn, a, b)− τ (v0, a, b)‖
≤ 4 (b− a)‖vn − v0‖m · ‖τ (vn, a, b)− τ (v0, a, b)‖m , (5.44)

showing

‖τ (vn, a, b)− τ (v0, a, b)‖m ≤ 4 (b− a) θl +m
θl − b ‖vn − v0‖m → 0, (5.45)

and consequently we arrive at the conclusion as desired. �
Proposition 5.3. Under the hypothesis (V ∗), for (a, b) /∈ � (A), if � (a, b) < θl or � (a, b) <
� (a, b)= θl < σ0, then

Cq (I,0)∼= 0,∀q ≥ dl + 1. (5.46)

Proof. If � (a, b) < θl , by Lemma 5.2, the proof is quite similar to that of the second half of The-
orem 1.1(i) of [32]. In the case of � (a, b) <� (a, b)= θl < σ0, it is no harm in supposing a < b. 
Denote I = I (a, b). As (a, b) /∈ � (A), an argument analogous to the proof of Theorem 3.4
shows that for ε > 0 suitably small and ∀b∗ ∈ [b− ε, b], (a, b∗) /∈� (A) and thus I (a, b∗) sat-
isfies the (PS) condition. Therefore, we conclude (5.46) by Proposition 9.4 (see Appendix). The 
proof is complete. �
Lemma 5.4. Under the hypothesis (V ∗), let〈

I ′ (uj , a, b) ,w〉
m

= 0,∀w ∈Ml, j = 0,1, (5.47)

where uj = v +wj , v ∈Nl , wj ∈Ml , j = 0, 1. If
(i) � (a, b) < θl;
or
(ii) (V2) follows, and � (a, b) <� (a, b)= θl < σ0, and ∃j ∈ {0,1}, uj solves (1.3),
then w1 =w0.

Proof. If � (a, b) < θl , the conclusion follows directly from (4.19) and (4.20) so we focus on 
the second case. In view of (ii), we assume that (1.3) is solved by u0, i.e.,

I (u0, a, b)= 0, I ′ (u0, a, b)= 0. (5.48)

Observe that

0 = 〈
I ′ (u1, a, b)− I ′ (u0, a, b) ,w

〉
m

=
∫
RN

|∇w|2 + V (x)w2dx − a 〈
u−

1 − u−
0 ,w

〉
L2 − b 〈

u+
1 − u+

0 ,w
〉
L2 , (5.49)

where w =w1 −w0, we have
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(
b−μdl+1

) 〈
u+

1 − u+
0 ,w

〉
L2 + (

a −μdl+1
) 〈
u−

1 − u−
0 ,w

〉
L2

=
∫
RN

|∇w|2 + V (x)w2dx −μdl+1 ‖w‖2
L2 ≥ 0. (5.50)

On the other hand, as 
〈
u+

1 − u+
0 ,w

〉
L2 ≥ 0, 

〈
u−

1 − u−
0 ,w

〉
L2 ≥ 0, we obtain

(
b−μdl+1

) 〈
u+

1 − u+
0 ,w

〉
L2 + (

a −μdl+1
) 〈
u−

1 − u−
0 ,w

〉
L2 ≤ 0. (5.51)

By employing (5.50) and (5.51)∫
RN

|∇w|2 + V (x)w2dx = μdl+1 ‖w‖2
L2 , (5.52)

and then w ∈E (
μdl+1

)
.

Notice that � (a, b) = θl = μdl+1 < σ0 and a + b < 2θl , there is no harm in assuming a <
b= θl . The combination of (5.50) and (5.51) leads to〈

u−
1 − u−

0 ,w
〉
L2 = 0. (5.53)

Define

�1 =
{
x ∈R

N : u0 (x)≥ 0, u1 (x)≥ 0
}

;

�2 =
{
x ∈R

N : u0 (x)≥ 0, u1 (x)≤ 0
}

;

�3 =
{
x ∈R

N : u0 (x)≤ 0, u1 (x)≥ 0
}

;

�4 =
{
x ∈R

N : u0 (x)≤ 0, u1 (x)≤ 0
}
.

Hence, (5.53) yields

0 = 〈
u−

1 − u−
0 ,w

〉
L2

=
∫
�2

u1 (u1 − u0)−
∫
�3

u0 (u1 − u0)+
∫
�4

(u1 − u0)
2 . (5.54)

Suppose to the contrary that w �= 0. Notice that 
∫
�i

(
u−

1 − u−
0

)
w ≥ 0, we deduce |�4| = 0. 

Otherwise, w = 0 a.e. on �4. An argument analogous to (4.19) shows w ∈ E (
μdl+1

)
. As 

V ∈ L
N
2
loc

(
R
N

)
, by unique continuation theorem (see [17], [18], [30]), w ≡ 0 on RN (there

is an extensive literature on unique continuation and we refer the readers to [12], [13], [19], 
[39], [40], and so forth). However, this contradicts the hypothesis w �= 0. So if 

∣∣�c1∣∣ > 0, then 

|�2 ∪�3|> 0, �c1 =
4⋃
�i . It might as well assume |�2|> 0, |�3|> 0. It follows that u1 = 0
i=2
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a.e. on �2 and u0 = 0 a.e. on �3. Once again from unique continuation, u0 > 0 a.e. on �2, and 
u1 > 0 a.e. on �3.

Above argument indicates that ui ≥ 0 a.e. on RN as |�4| = 0. Thus,

〈
I ′ (u0, a, b) , v

〉
m

=
∫
RN

|∇v|2 + V (x) v2dx − b ‖v‖2
L2 = 0, (5.55)

which alludes to v = 0. By (5.47),

〈
I ′ (u0, a, b) ,w0

〉
m

=
∫
RN

|∇w0|2 + V (x) |w0|2 dx − b ‖w0‖2
L2 = 0, (5.56)

〈
I ′ (u1, a, b) ,w1

〉
m

=
∫
RN

|∇w1|2 + V (x) |w1|2 dx − b ‖w1‖2
L2 = 0, (5.57)

and this yields u0, u1 ∈E (
μdl+1

)
, and consequently ui⊥ψ1. Since u0 = 0 a.e. on �3, and u1 = 0

a.e. on �2, unique continuation shows that u0 = u1 = 0 on RN , contradicting w �= 0. �
Remark 5.5. It seems that the assumption analogous to “∃j ∈ {0,1}, uj solves (1.3)” of 
Lemma 5.4(ii) is nonredundant for us in some cases. Indeed, for v = ϕ1, ‖ϕ1‖H 1

0
= 1, we can 

always choose t0 > 0 sufficiently small such that for ∀t ∈ [0, t0], ϕ1 + tϕl+1 ∈ (
P̃

)◦
, where ϕ1

and ϕl denote the eigenfunctions of the first eigenvalue ̂λ1 and the l + 1-th eigenvalue ̂λl+1 of 
−� with Dirichlet boundary condition and restricted on a bounded smooth domain � ⊂R

N , and 
‖·‖H 1

0
represents the norm of H 1

0 (�), and 
(
P̃

)◦
is the interior of

P̃ = closure

{
u ∈ C1

0

(
�

) : u > 0 on �, u|∂� = 0,
∂u

∂ν
|∂� < 0

}
.

Set wt = tϕl+1, and take b= λ̂l+1, hence, for v = ϕ1, ∀w̃ ∈ M̂l ,∫
�

∇ (v+wt)∇w̃− a
∫
�

(v +wt)− w̃− b
∫
�

(v +wt)+ w̃

=
∫
�

∇wt∇w̃− λ̂l+1

∫
�

wtw̃ = 0, (5.58)

where M̂l is the orthogonal complement in H 1
0 (�) of N̂l , and N̂l stands for the subspace spanned 

by the eigenfunctions corresponding to ̂λ1, · · · , ̂λl .

Lemma 5.6. Under the hypothesis (V ∗), assume μdl+1 < σ0, and ml+1 (a, b) < 0. If
(i) � (a, b) < θ̃l+1 := � (

μdl+1+1, σ0
)
;

or
(ii) (V2) follows, and � (a, b) <� (a, b)= θ̃l+1 < σ0,
then (a, b) /∈� (A). In addition, if λl < � (a, b)≤� (a, b) < θ̃l+1, then Cq (I,0)∼= δqd G.
l+1
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Proof. By way of negation, there is a u0 = v0 +w0 �= 0, v0 ∈Nl+1, w0 ∈Ml+1, such that (1.3)
holds. By Lemma 5.1 and Lemma 5.4,

F2l+1 (v0, a, b)= I (v0 +w0, a, b)= 0. (5.59)

If v0 �= 0, we may assume ‖v0‖m = 1. This implies that ml+1 (a, b)≥ 0, contrary to assump-
tion. If v0 = 0, then w0 �= 0 and

I (u0, a, b)= I (w0, a, b)≥ θ̃l+1 − a
2

∥∥w−
0

∥∥2
L2 + θ̃l+1 − b

2

∥∥w+
0

∥∥2
L2 . (5.60)

If � (a, b) < θ̃l+1, this will be positive, contradicting (5.59). If � (a, b)= θ̃l+1, assume b= θ̃l+1, 
then w0 ≥ 0 a.e. on RN , and thus w0⊥ψ1. This shows w0 = 0, violating w0 �= 0. The second half 
of Lemma 5.6 follows directly from Theorem 1.1(iv) of [32]. �
Lemma 5.7. Under the hypothesis (V ∗), if
(i) � (a, b) > λl;
or
(ii) (V2) follows, and λ1 <� (a,b)= λl < � (a, b),
then for each w ∈Ml , F1l (w, a, b) can be achieved and every maximizing sequence contains 

a convergent subsequence. Moreover, if � (a, b) > λl , the maximizer is unique.

Proof. We first show that for fixed w ∈Ml , I (v + w, a, b) is anticoercive on Nl , i.e., for any 

sequence 
{
v∗
j

}
∈ Nl , 

∥∥∥v∗
j

∥∥∥
m

→ +∞, I (v∗
j + w, a, b) → −∞. Otherwise, there is a renamed 

sequence v∗
j ∈Nl , 

∥∥∥v∗
j

∥∥∥
m

→ +∞, I (v∗
j +w, a, b) ≥ −η, and η > 0.

(i) � (a, b) > λl . Thereby,

−η ≤ −� (a, b)− λl
2 (λl +m)

∥∥∥v∗
j

∥∥∥2

m

+1

2

∫
RN

|∇w|2 + V (x) |w|2 − � (a, b)
2

‖w‖2
L2 (5.61)

and then derives the boundedness of 
∥∥∥v∗
j

∥∥∥
m

, violating the hypothesis.

(ii) λ1 < � (a,b) = λl < � (a, b). Assume a = λl < b. An argument analogous to (5.15)
shows that ∃ρj ≥ 0, ρj → 0, s.t.

a

∥∥∥∥(
v∗
j +w

)−∥∥∥∥2

L2
+ b

∥∥∥∥(
v∗
j +w

)+∥∥∥∥2

L2
= (
a + ρj

)∥∥∥v∗
j +w

∥∥∥2

L2
. (5.62)

Set v∗
j = ṽj + t (j)l ψ(j)l , t (j)l ≥ 0, ψ(j)l ∈ E (λl), 

∥∥∥ψ(j)l ∥∥∥
m

= 1, and ṽj ∈ Nl−1. Denote m0 =
dimE (λl). Observe that μdl−m0 < a as l ≥ 2, it follows that 

∥∥ṽj∥∥L2 is bounded, and thus t (j)l →
+∞. On this account, ∃J ∈ N, ∀j ≥ J ,
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(
b− a − ρj

)∥∥∥z+j ∥∥∥2

L2
= ρj

∥∥∥z−j ∥∥∥2

L2
, (5.63)

zj = ṽj

t
(j)
l

+ ψ(j)l + w

t
(j)
l

. Clearly, zj → ψ∗
l in H 1

m

(
R
N

)
, ψ∗

l ∈ E (λl), and hence zj → ψ∗
l in 

L2
(
R
N

)
. Let j → +∞, (5.63) yields ∥∥∥(

ψ∗
l

)+∥∥∥
L2

= 0. (5.64)

This implies ψ∗
l ≤ 0 a.e. on RN , contradicting the fact that ψ1 has a constant sign on RN .

Anticoerciveness of I (v+w, a, b) on Nl indicates that any sequence 
{
v∗
j

}
⊂Nl such that

I
(
v∗
j +w,a, b

)
→ F1l (w, a, b) , (5.65)

∥∥∥v∗
j

∥∥∥
m

is bounded, and dimNl < +∞ alludes to the convergence of subsequence. Uniqueness 

comes from Lemma 4.9, ending the proof. �
Set I (θ (w,a, b)+w,a, b)= F1l (w, a, b), θ (w,a, b) ∈Nl , we have

Lemma 5.8. Under the hypothesis (V ∗), if � (a, b) > λl , then θ (w,a, b) is continuous on 
w ∈Ml .

Proof. Without loss of generality, assume a ≤ b. Let wn →w0 in Ml . Observe that

0 = 〈
I ′ (θ (wn, a, b)+wn,a, b)− I ′ (θ (w0, a, b)+w0, a, b) , θ (wn, a, b)− θ (w0, a, b)

〉
m

=
∫
RN

|∇ (θ (wn, a, b)− θ (w0, a, b))|2 + V (x) |θ (wn, a, b)− θ (w0, a, b)|2

−a ‖θ (wn, a, b)− θ (w0, a, b)‖2
L2

− (b− a)
∫
RN

[
(θ (wn, a, b)+wn)+ − (θ (w0, a, b)+w0)

+]
· (θ (wn, a, b)− θ (w0, a, b)) . (5.66)

By

(θ (wn, a, b)+wn)+ − (θ (w0, a, b)+w0)
+

≥ (θ (wn, a, b)− θ (w0, a, b))
− + (wn −w0)

− , (5.67)

and

(θ (wn, a, b)+wn)+ − (θ (w0, a, b)+w0)
+

≤ (θ (wn, a, b)− θ (w0, a, b))
+ + (wn −w0)

+ , (5.68)
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therefore, (5.66) is reduced to

a − λl
λl +m ‖θ (wn, a, b)− θ (w0, a, b)‖2

m

≤ − (b− a)
∫
RN

(wn −w0)
− · (θ (wn, a, b)− θ (w0, a, b))

+

− (b− a)
∫
RN

(wn −w0)
+ · (θ (wn, a, b)− θ (w0, a, b))

−

≤ 4 (b− a)‖wn −w0‖m · ‖θ (wn, a, b)− θ (w0, a, b)‖m , (5.69)

and further derives

‖θ (wn, a, b)− θ (w0, a, b)‖m ≤ 4 (b− a) λl +m
a − λl ‖wn −w0‖m → 0. (5.70)

The assertion follows. �
Proposition 5.9. Under the hypotheses of Lemma 5.7, if � (a, b) < σ0, (a, b) /∈� (A), � (a, b) >
λl or λ1 <� (a,b)= λl < � (a, b), then

Cq (I,0)∼= 0,∀q ≤ dl − 1. (5.71)

Proof. The combination of � (a, b) < σ0 and (a, b) /∈ � (A) determines the compactness of I
in terms of Theorem 3.4. If � (a, b) > λl , by Lemma 5.7 and Lemma 5.8, (5.71) follows directly 
from the proof of the first half of Theorem 1.1(i) of [32]. An argument analogous to the proof of 
Proposition 5.3 deals with the case λ1 <� (a,b)= λl < � (a, b). �
Lemma 5.10. Under the hypothesis (V ∗), let〈

I ′ (uj , a, b) , v〉m = 0,∀v ∈Nl, j = 0,1, (5.72)

where uj = vj +w, w ∈Ml , vj ∈Nl , j = 0, 1. If
(i) � (a, b) > λl;
or
(ii) (V2) follows, and λ1 <� (a,b)= λl < � (a, b), and ∃j ∈ {0,1}, uj solves (1.3),
then v1 = v0.

Proof. Mimicking the proof of Lemma 4.9 and Lemma 5.4 we arrive at the statement (i) and 
(ii) respectively.

Lemma 5.11. Under the hypotheses of Lemma 5.7, if Ml (a, b) > 0, then (a, b) /∈ � (A). In 
addition, if μdl+1 < σ0 and λl < � (a, b)≤� (a, b) < θ̃l+1, then Cq (I,0)∼= δqdlG.

Proof. Suppose to the contrary that ∃u0 = v0 +w0 �= 0, v0 ∈ Nl , w0 ∈Ml , such that u0 solves 
(1.3). Evidently, w0 �= 0. Set ‖w0‖m = 1, by Lemma 5.10,
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F1l (w0, a, b)= I (v0 +w0, a, b)= 0, (5.73)

violating Ml (a, b) > 0. The second half of Lemma 5.11 originates from the proof of Theo-
rem 1.1(ii) of [32]. �
Lemma 5.12. Under the hypothesis (V ∗), assume μdl+1 < σ0, if
(1) μdl+1 <� (a,b)≤� (a, b) < θ̃l+1;
or
(2) (V2) follows, and μdl+1 = � (a, b) <� (a, b) < θ̃l+1,
then (i) Ml+1 (a, b) > 0; (ii) (a, b) /∈� (A); (iii) Cq (I,0)∼= δqdl+1G.

Proof. Notice that ∀w ∈Ml+1, ‖w‖m = 1,

F1l+1 (w,a, b)= sup
v∈Nl+1

I (v +w,a, b)

≥ I (w,a, b)

≥ θ̃l+1 −�(a,b)
2

‖w‖2
L2 > 0. (5.74)

We deduce from (5.74) that

Ml+1 (a, b) > 0 (5.75)

and this gets (i). An argument analogous to that of Lemma 5.11 derives (ii). (iii) still follows 
from the proof of Theorem 1.1(ii) of [32] for the case (1) while the identical consequence is 
concluded by Proposition 9.4 with respect to the case (2). �
Proposition 5.13. Suppose (V2). Under the hypothesis (V ∗), if μdl+1 < σ0 and μdl+1+1 < σ0, 
μdl+1 < � (a,b) < � (a, b) = μdl+1+1, then (i) Ml+1 (a, b) > 0; (ii) (a, b) /∈ � (A); (iii)
Cq (I,0)∼= δqdl+1G.

Proof. Without loss of generality, assume μdl+1 < a < b = μdl+1+1. Clearly, (5.74) shows 
Ml+1 (a, b) ≥ 0. Argue by contradiction, Ml+1 (a, b) = 0. As μdl+1+1 is an eigenvalue of A, 
set μdl+2 = μdl+1+1, by Lemma 5.16 below, ∃w ∈Ml+1, ‖w‖m = 1,

0 =Ml+1
(
a,μdl+2

)
= I (

θ
(
w,a,μdl+2

) +w,a,μdl+2

)
≥ I (

θ
(
w,μdl+2 ,μdl+2

) +w,a,μdl+2

)
. (5.76)

Set ζ = θ (
w,μdl+2 ,μdl+2

)
. We now claim that

I
(
ζ +w,a,μdl+2

)
> I

(
ζ +w,μdl+2 ,μdl+2

)
. (5.77)

If not, we yield ∥∥(ζ +w)−∥∥
2 = 0 (5.78)

L
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and derive ζ �= 0 accordingly. Observe that 
〈
I ′ (ζ +w,μdl+2 ,μdl+2

)
, ṽ

〉
m

= 0 for ∀ṽ ∈Nl+1, we 
obtain

μdl+1 ‖ζ‖2
L2 ≥

∫
RN

|∇ζ |2 + V (x) ζ 2 = μdl+2 ‖ζ‖2
L2 , (5.79)

and this indicates ζ = 0, conflicting with ζ �= 0. The claim is thus proved.
Consequently, a self-contradictory inequality

0 =Ml+1
(
a,μdl+2

)
> I

(
ζ +w,μdl+2 ,μdl+2

) = I (
w,μdl+2 ,μdl+2

) ≥ 0 (5.80)

arises from the combination of (5.76) and (5.77). That’s the precise statement (i).
A standard argument gets (ii). Notice that μdl+1+1 < σ0 via Theorem 3.4 alludes to the (PS) 

condition, by Proposition 9.4 and Lemma 5.12(ii), we arrive at (iii). The assertion follows. �
Lemma 5.14. Under the hypotheses of Lemma 5.7, if � (a, b) < θl , then (1) ml (a, b) < 0; (2)
(a, b) /∈� (A); (3) Cq (I,0)∼= δqdlG.

Proof. Observe that (2) and (3) directly follow from (1) in view of Lemma 5.6 and Proposi-
tion 9.4, so we focus on (1). If � (a, b) > λl , according to the definition, for ∀v ∈Nl , ‖v‖m = 1,

I (v, a, b)= 1

2

∫
RN

|∇v|2 + V (x)v2 − a
2

∥∥v−∥∥2
L2 − b

2

∥∥v+∥∥2
L2

≤ λl − � (a, b)
2

‖v‖2
L2 < 0, (5.81)

and hence F2l (v, a, b) < 0. We can always choose {vn}+∞
n=1 ⊂Nl , ‖vn‖m = 1, s.t.

F2l (vn, a, b)→ml (a, b) . (5.82)

As dimNl < +∞, there exists a renamed subsequence {vn}+∞
n=1, vn → v0 ∈ Nl , ‖v0‖m = 1. 

Using Lemma 5.2, we have

F2l (v0, a, b)=ml (a, b) . (5.83)

If � (a, b)= λl , it is no harm making the hypothesis a = λl < b. We show that (5.81) follows 
for ∀v ∈Nl , ‖v‖m = 1. Otherwise, ∃v∗ ∈Nl , ‖v∗‖m = 1,

0 = I (
v∗, a, b

) ≤ 1

2

∫
RN

∣∣∇v∗∣∣2 + V (x) ∣∣v∗∣∣2 − λl
2

∥∥v∗∥∥2
L2 ≤ 0. (5.84)

Therefore, (5.84) yields ∫
N

∣∣∇v∗∣∣2 + V (x) ∣∣v∗∣∣2 − λl
∥∥v∗∥∥2

L2 = 0 (5.85)
R
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and 
∥∥(v∗)+

∥∥
L2 = 0, indicating that v∗ is an eigenvector of λl with v∗ ≤ 0 a.e. on RN . Since 

v∗⊥ψ1, we get v∗ = 0 a.e. on RN , contradicting v∗ �= 0. The lemma is thus proved. �
Proposition 5.15. Suppose (V2). Under the hypothesis (V ∗), if λl < � (a, b) < � (a, b)= θl <
σ0, then (i) ml (a, b) < 0; (ii) (a, b) /∈� (A); (iii) Cq (I,0)∼= δqdlG.

Proof. For fixed v ∈Nl , set ‖v‖m = 1, we obtain

I (v, a, b) ≤ − a − λl
2 (λl +m), (5.86)

and thus

ml (a, b)≤ − a − λl
2 (λl +m). (5.87)

By employing Lemma 5.6 we get (ii). Due to θl < σ0, (ii) derives the (PS) condition. The 
combination of Proposition 9.4 and Lemma 5.14 determines (iii). �
5.2. Minimal and maximal curves

In this section we construct the lower and the upper curves emanating from (λl, λl). Aiming 
at this problems, we furnish some lemmas adapted to our needs. For the sake of convenience, in 
what follows, we assume:
(V0) Let V be a K–R potential and suppose (V2) holds, σdis (A) �=∅, infσ (A)= infσdis (A), 

{λi}l+1
i=1 ∈ σdis (A), σdis (A) ∩

[
μ1, λl+1

] = {λi}l+1
i=1, l ≥ 2, s.t., λ1 = μ1 = infσ (A) < λ2 < · · ·<

λl+1 < σ0.
Define

Q∗
l+1 =

{
(a, b) ∈R

2 : λl ≤ � (a, b)≤�(a,b)≤ θ̃l+1 = � (
μdl+1+1, σ0

)} ;
B0
M = {

(a, b) ∈Q∗
l+1 :Ml (a, b)= 0

} ;
B0
m = {

(a, b) ∈Q∗
l+1 :ml+1 (a, b)= 0

} ;
B∗ = {

(a, b) ∈Q∗
l+1 : λl ≤ a < λl+1 < b ≤ θ̃l+1

} ;
B∗ = {

(a, b) ∈Q∗
l+1 : λl ≤ b < λl+1 < a ≤ θ̃l+1

} ;
D̃ =

{
(a, b) ∈R

2 : � (a, b)≥ λl
}

;

D =
{
(a, b) ∈R

2 : λl ≤ � (a, b)≤�(a,b) < σ0

}
;

D+
M = {(a, b) ∈D :Ml (a, b) > 0} ;
D0
M = {(a, b) ∈D :Ml (a, b)= 0} ;
D−
M = {(a, b) ∈D :Ml (a, b) < 0} ;
F =

{
(a, b) ∈R

2 : −∞<� (a,b)≤�(a,b)≤ θ̃l+1

}
;
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F+
m = {(a, b) ∈ F :ml+1 (a, b) > 0} ;
F 0
m = {(a, b) ∈ F :ml+1 (a, b)= 0} ;
F−
m = {(a, b) ∈ F :ml+1 (a, b) < 0} .

Without the hypothesis of compact embedding, the following lemma considerably improves 
the conclusion of Lemma 3.8 of [38] (see also Lemma 7.3.8 of [36]):

Lemma 5.16. Under the hypothesis (V0), if � (a, b) < σ0, Ml (a, b)≤ 0, then there is a w0 ∈Ml , 
‖w0‖m = 1, s.t.

F1l (w0, a, b)=Ml (a, b) . (5.88)

Proof. Without loss of generality, assume � (a, b) > μ1. Suppose σdis (A) ∩ [μ1,�(a, b)] =
{λi}si=1, s ≥ l + 1, and let Es−l be the eigenspace spanned by λl+1, · · · , λs . In view of (5.5), 
there is a sequence {wk}+∞

k=1 ⊂Ml , s.t., ‖wk‖m = 1, and

F1l (wk, a, b)→Ml (a, b) . (5.89)

Let wk ⇀ w0 in H 1
m

(
R
N

)
. We claim w0 �= 0. Otherwise, set wk = PEs−lwk + PMswk , then 

we obtain PEs−lwk → 0 in L2
(
R
N

)
.

Observe that

F1l (wk, a, b)≥ 1

2

∫
RN

|∇wk|2 + Vw2
k − a

2

∥∥w−
k

∥∥2
L2 − b

2

∥∥w+
k

∥∥2
L2 , (5.90)

hence,

2F1l (wk, a, b)≥ (λl+1 −�(a,b)) · ∥∥PEs−lwk∥∥2
L2

+ (
θ̃s −�(a,b)) · ∥∥PMswk∥∥2

L2 , (5.91)

where θ̃s = � (
μds+1, σ0

)
. If Ml (a, b) < 0, (5.91) is self-contradictory as 

∥∥PEs−lwk∥∥L2 → 0. If 
Ml (a, b)= 0, (5.91) gets ∥∥PMswk∥∥L2 → 0, (5.92)

indicating ‖wk‖L2 → 0. Consequently, the contradiction manifests by

1 = ‖wk‖2
m ≤ (�(a, b)+m)‖wk‖2

L2 + 2F1l (wk, a, b)→ 0 (5.93)

and the claim is verified accordingly.
For fixed k ∈N, ∀v ∈Nl , we have

I (v+wk,a, b)≤ F1l (wk, a, b) . (5.94)

Notice that for fixed v ∈Nl , I is weakly lower semicontinuous on Ml , and thereby,
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I (v+w0, a, b)≤Ml (a, b) . (5.95)

Set ̃v = v
‖w0‖m , w̃0 = w0‖w0‖m . Divide (5.95) by ‖w0‖2

m,

I (̃v + w̃0, a, b)≤ Ml (a, b)‖w0‖2
m

, (5.96)

yielding

Ml (a, b)≤ F1l (w̃0, a, b)≤ Ml (a, b)‖w0‖2
m

, (5.97)

and this shows that if Ml (a, b) < 0, then ‖w0‖m = 1, alluding to wk → w0 in H 1
m

(
R
N

)
. We 

conclude the proof as required. �
Lemma 5.17. Under the hypotheses of Lemma 5.16, if (a, b) ∈ B0

M\ (λl+1, λl+1), then (a, b) ∈
B∗ or (a, b) ∈ B∗.

Proof. For fixed (a0, b0) ∈ Q∗
l+1\ (B∗ ∪B∗), if a0 �= b0, then (� (a0, b0) ,�(a0, b0)) ∩

σ (A)=∅. Let (a0, b0) �= (λl+1, λl+1). We are confronted with the following cases:
(1) λl ≤ � (a0, b0)≤� (a0, b0)≤ λl+1.
(i) � (a0, b0) < λl+1.
Observe that for ϕ ∈E (λl+1), w̃ ∈Ml+1, ‖ϕ + w̃‖m = 1,

I (ϕ + w̃, a0, b0)= 1

2

∫
RN

|∇ϕ|2 + V (x)ϕ2 + 1

2

∫
RN

|∇w̃|2 + V (x) w̃2

−a0

2

∫
RN

∣∣(ϕ + w̃)−∣∣2 − b0

2

∫
RN

∣∣(ϕ + w̃)+∣∣2

≥ 1

2

[
λl+1 −�(a0, b0)

] · ‖ϕ‖2
L2 + 1

2

[
θ̃l+1 −�(a0, b0)

] · ‖w̃‖2
L2

> 0. (5.98)

One deduces from (5.98) that

Ml (a0, b0)≥ 0. (5.99)

If Ml (a0, b0) = 0, by Lemma 5.16, ∃w0 ∈Ml , ‖w0‖m = 1, F1l (w0, a0, b0) = 0, contradicting 
(5.98).
(ii) � (a0, b0)= λl+1.
In case that Ml (a0, b0) = 0, again by Lemma 5.16, ∃w∗

0 ∈ Ml , 
∥∥w∗

0

∥∥
m

= 1, F1l(w
∗
0, a0,

b0) = 0. Set w∗
0 = ϕ∗

0 + w̃∗
0 , ϕ∗

0 ∈ E (λl+1), w̃∗
0 ∈Ml+1. Evidently, w̃∗

0 = 0. Therefore, the con-
tradiction manifests by

0 ≥ I (
ϕ∗

0 , a0, b0
) = λl+1

2

∥∥ϕ∗
0

∥∥2
L2 − a0

2

∥∥∥(
ϕ∗

0

)−∥∥∥2

L2
− b0

2

∥∥∥(
ϕ∗

0

)+∥∥∥2

L2
> 0 (5.100)

due to the facts a0 < λl+1 and ϕ∗⊥ψ1.
0
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(2) λl+1 ≤ � (a0, b0)≤� (a0, b0)≤ θ̃l+1.
Take account of the case � (a0, b0) < θ̃l+1. By Lemma 5.12, we get

Ml+1 (a0, b0) > 0, (5.101)

and

Cq
(
I(a0,b0),0

) ∼= δqdl+1G, (5.102)

where I(a0,b0) (u)= I (u, a0, b0).
We claim Ml (a0, b0) < 0, or else invoking Lemma 4.9, Corollary 4.10, and Theorem 1.1(ii) 

of [32], we obtain

Cq
(
I(a0,b0),0

) ∼= δqdlG, (5.103)

contradicting (5.102). The claim is proved.
Consequently,

Ml
(
a0, θ̃l+1

) ≤Ml (a0, b0) < 0 (5.104)

if a0 ≤ b0 < θ̃l+1 and

Ml
(
θ̃l+1, b0

) ≤Ml (a0, b0) < 0 (5.105)

if b0 ≤ a0 < θ̃l+1, and thus Ml
(
θ̃l+1, θ̃l+1

)
< 0. The conclusion follows. �

Lemma 5.18. Under the hypotheses of Lemma 5.16, if (a, b) ∈D0
M , � (a, b) > λl or λl = a <

λl+1 < b, then for ∀b1 ∈ [λl, b), ∀b2 ∈ (b, σ0), (a, b1) ∈D+
M , (a, b2) ∈D−

M .

Proof. Notice that for ∀b̃ < b,

Ml
(
a, b̃

) = inf
w∈Ml,‖w‖m=1

F1l
(
w,a, b̃

)
= inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I
(
v +w,a, b̃ )

≥ inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I (v +w,a, b)=Ml (a, b) . (5.106)

By way of negation, ∃b̃ ∈ [λl, b), Ml
(
a, b̃

) = 0. Based on Lemma 5.7 and Lemma 5.16, 
∃w̃ ∈Ml , ‖w̃‖m = 1, s.t.

I
(
θ
(
w̃, a, b̃

) + w̃, a, b̃ ) = F1l
(
w̃, a, b̃

) =Ml
(
a, b̃

)
. (5.107)

A standard argument yields

I
(
θ (w̃, a, b)+ w̃, a, b̃ )

> I (θ (w̃, a, b)+ w̃, a, b) . (5.108)

Therefore, the absurd assertion occurs as
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0 = F1l
(
w̃, a, b̃

)
>F1l (w̃, a, b)≥Ml (a, b)= 0. (5.109)

Likewise, we get the second half of Lemma 5.18. �
Lemma 5.19. Under the hypothesis (V0), if Ml (a, b) > 0, � (a, b) < σ0, then there exists ̃ε0 > 0, 
∀b̃ ∈ [b− ε̃0, b+ ε̃0], Ml

(
a, b̃

)
> 0.

Proof. Suppose to the contrary that ∃b̃k ∈ R, ̃bk → b, Ml
(
a, b̃k

) ≤ 0. Employing Lemma 5.16, 
∃wk ∈Ml , ‖wk‖m = 1,

F1l
(
wk,a, b̃k

) ≤ 0. (5.110)

Assume wk ⇀w∗ in Ml . A trick mimicking the proof of Lemma 5.16 gets w∗ �= 0.
Observe that for fixed v ∈Nl ,

∣∣I (
v +wk,a, b̃k

) − I (v+wk,a, b)
∣∣ ≤

∣∣̃bk − b∣∣
2

(
‖v‖2

L2 + 1

λl+1 +m
)

→ 0. (5.111)

Set εk =
∣∣̃bk−b∣∣

2

(
‖v‖2

L2 + 1
λl+1+m

)
, then we have

I (v +wk,a, b)≤ εk (5.112)

and an argument analogous to the proof of Lemma 5.16 yields

I
(
v+w∗, a, b

) ≤ 0. (5.113)

Set ‖w∗‖m = 1, we obtain

Ml (a, b)≤ F1l
(
w∗, a, b

) ≤ 0, (5.114)

violating the hypothesis Ml (a, b) > 0. �
Proposition 5.20. Under the hypotheses of Lemma 5.16, if (a, b) ∈ D0

M\ (λl+1, λl+1), then 
(a, b) ∈� (A).

Proof. Argue by contradiction. Then there exists ε0 > 0 small enough, (a, b∗) /∈� (A) for ∀b∗ ∈
[b− ε0, b+ ε0]. Take two cases into account:
(i) � (a, b) > λl .
Employing Lemma 5.17, we get � (a, b) < λl+1 < � (a, b). By Lemma 5.18, for ∀b1 ∈

[b− ε0, b), ∀b2 ∈ (b, b+ ε0], Ml (a, b1) > 0, Ml (a, b2) < 0. Invoking Lemma 5.11,

Cq
(
I(a,b−ε0),0

) ∼= δqdlG. (5.115)

Similar to Theorem 1.1(iii) of [32], we obtain

Cd
(
I(a,b+ε ),0

) ∼= 0. (5.116)

l 0
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However, by Proposition 9.4,

Cq
(
I(a,b−ε0),0

) ∼= Cq
(
I(a,b+ε0),0

)
, (5.117)

contradicting the combination of (5.115) and (5.116).
(ii) � (a, b)= λl .
(1) a = λl < b.
Again by Lemma 5.18, Ml (λl, b1) > 0, Ml (λl, b2) < 0, for b1 ∈ [b− ε0, b), b2 ∈ (b, b+ ε0]. 

Arbitrarily choose b∗1 ∈ [b− ε0, b), b∗2 ∈ (b, b+ ε0]. An argument analogous to that of 
Lemma 5.19 indicates that ∃ε∗ > 0 sufficiently small, s.t., for ∀̃a ∈ (λl, λl + ε∗

]
, Ml

(̃
a, b∗1

)
> 0. 

Notice that 
(̃
a, b∗1

)
, 
(̃
a, b∗2

)
/∈ � (A) and Ml

(̃
a, b∗2

)
< 0, a standard argument derives a contra-

diction

G∼= Cdl
(
I(λl,b∗1),0) ∼= Cdl

(
I(λl,b∗2),0) ∼= 0. (5.118)

(2) b= λl < a.
Repeating the proof procedure of Lemma 5.18 shows that ∃̃ε > 0 suitably small,

Ml (̃a1, b) > 0, Ml (̃a2, b) < 0, for ∀̃a1 ∈ [a − ε̃, a), ∀̃a2 ∈ (a, a + ε̃]. Fully imitating the trick 
furnished by (1), we conclude the proof. �
Lemma 5.21. Under the hypotheses of Lemma 5.16, if (ai, bi) ∈D0

M , a1 < a2, then b1 > b2.

Proof. If not, hence, by Lemma 5.16, ∃w ∈Ml , ‖w‖m = 1,

0 =Ml (a1, b1)= F1l (w, a1, b1)

= sup
v∈Nl

I (v+w,a1, b1)

≥ sup
v∈Nl

I (v+w,a2, b2)= F1l (w, a2, b2) . (5.119)

Due to Ml (a2, b2)= 0, we get

sup
v∈Nl

I (v+w,a2, b2)= 0. (5.120)

Thus, by Lemma 5.7, ∃θ (w,a2, b2) ∈Nl ,

0 = I (θ (w,a2, b2)+w,a2, b2)

≤ I (θ (w,a2, b2)+w,a1, b1)

≤ I (θ (w,a1, b1)+w,a1, b1)= 0, (5.121)

and this yields ∥∥(θ (w,a2, b2)+w)−
∥∥
L2 = 0. (5.122)

Observe that w �= 0 ⇒ θ (w,a2, b2) �= 0. On the other side,
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λl ‖θ (w,a2, b2)‖2
L2 ≥

∫
RN

|∇θ (w,a2, b2)|2 + V (x) |θ (w,a2, b2)|2

= b2 ‖θ (w,a2, b2)‖2
L2 ≥ λl ‖θ (w,a2, b2)‖2

L2 , (5.123)

indicating that θ (w,a2, b2) is an eigenvector of λl = b2. Set ξ = θ (w,a2, b2)+w. As ξ ≥ 0 a.e. 
on RN and ξ⊥ψ1, one derives ξ = 0. Out of the question! The conclusion follows. �

For fixed a ∈ [λl, σ0), if there exists b ∈D, s.t., (a, b) ∈D+
M ∪D0

M , we denote

ν̃l (a)= sup
{
b : (a, b) ∈D+

M ∪D0
M

}
.

Lemma 5.22. Under the hypothesis (V0), if (a, b) ∈D, then b= ν̃l (a)⇐⇒ (a, b) ∈D0
M .

Proof. “⇒” is determined by the combination of Lemma 5.19 and Lemma 5.24 below, and 
simultaneously Lemma 5.18 offers a powerful guarantee to “⇐”. �

Denote

D∗ = {(a, b) ∈D : λl ≤ a ≤ λl+1 ≤ b} ;
D∗ = {(a, b) ∈D : λl ≤ b ≤ λl+1 ≤ a} .

Theorem 5.23. Under the hypothesis (V0), ̃νl (a) is continuous on a ∈ [
λl, λl+1

]
as (a, ν̃l (a)) ∈

D∗, and also on a ∈ [
λl+1, σ0) as (a, ν̃l (a)) ∈D∗.

Aiming at Theorem 5.23, we prove two lemmas below adapted to our needs:

Lemma 5.24. Under the hypothesis (V0), Ml (a, b) is continuous on (a, b) ∈ D̃.

Proof. Without loss of generality, assume that (an, bn) ∈ D̃, (an, bn)→ (a, b), and a ≤ b. Di-
vide the proof into three cases:

〈1〉 b ≥ a > λl .
We prove that for fixed w ∈Ml , ‖w‖m = 1,

F1l (w, an, bn)→ F1l (w, a, b) . (5.124)

Since

F1l (w, an, bn)≥ F1l (w,�(a, b)+ ε,�(a, b)+ ε) >−∞ (5.125)

for n large enough and ε > 0 suitably small, an argument analogous to that of Lemma 5.7 derives 
boundedness of ‖θ (w,an, bn)‖m. With the aid of boundedness of ‖θ (w,an, bn)‖m, we deduce 
from dimNl <+∞ that there is a subsequence 

{
θ
(
w,anj , bnj

)}+∞
j=1

,

θ
(
w,an , bn

) → v∗ in H 1 ∩Nl (5.126)

j j m
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as j → +∞, and then

I
(
θ
(
w,anj , bnj

) +w,anj , bnj
) → I

(
v∗ +w,a, b) . (5.127)

Consequently,

I (θ (w,a, b)+w,a, b)
= lim
j→+∞ I

(
θ (w,a, b)+w,anj , bnj

)
≤ lim
j→+∞ sup

v∈Nl
I
(
v +w,anj , bnj

)
= lim
j→+∞ I

(
θ
(
w,anj , bnj

) +w,anj , bnj
)

= I (
v∗ +w,a, b) ≤ I (θ (w,a, b)+w,a, b) , (5.128)

so we have

F1l
(
w,anj , bnj

) → F1l (w, a, b) , (5.129)

alluding to (5.124). Hence,

lim
n→+∞Ml (an, bn)≤ lim

n→+∞F1l (w, an, bn)= F1l (w, a, b) , (5.130)

and this yields

lim
n→+∞Ml (an, bn)≤Ml (a, b) . (5.131)

On the other side, in view of definition, for εn > 0, εn → 0, ∃wn ∈Ml , ‖wn‖m = 1, s.t.

Ml (an, bn)≥ F1l (wn, an, bn)− εn. (5.132)

We claim that

lim
n→+∞|F1l (wn, an, bn)− F1l (wn, a, b)| = 0. (5.133)

Indeed, observe that

〈
I ′
v (θ (wn, an, bn)+wn,an, bn)− I ′

v (θ (wn, a, b)+wn,a, b) ,θ (wn, an, bn)− θ (wn, a, b)
〉
m

=
∫
RN

|∇ (θ (wn, an, bn)− θ (wn, a, b))|2 + V (θ (wn, an, bn)− θ (wn, a, b))2

−a
∫
N

(θ (wn, an, bn)− θ (wn, a, b))2

R
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− (b− a)
∫
RN

[
(θ (wn, an, bn)+wn)+ − (θ (wn, a, b)+wn)+

]
· (θ (wn, an, bn)− θ (wn, a, b))

− (an − a)
∫
RN

(θ (wn, an, bn)+wn)− · (θ (wn, an, bn)− θ (wn, a, b))

− (bn − b)
∫
RN

(θ (wn, an, bn)+wn)+ · (θ (wn, an, bn)− θ (wn, a, b)) , (5.134)

and

(θ (wn, an, bn)+wn)+ − (θ (wn, a, b)+wn)+
≥ (θ (wn, an, bn)− θ (wn, a, b))− , (5.135)

and

(θ (wn, an, bn)+wn)+ − (θ (wn, a, b)+wn)+
≤ (θ (wn, an, bn)− θ (wn, a, b))+ . (5.136)

Inserting (5.135) and (5.136) into (5.134), we get

0 ≤ λl − a
λl +m ‖θ (wn, an, bn)− θ (wn, a, b)‖2

m + ε̃n (5.137)

as ̃εn → 0. Since a > λl , we derive

‖θ (wn, an, bn)− θ (wn, a, b)‖m → 0. (5.138)

The prediction (5.133) is confirmed accordingly. Therefore, (5.132) yields

Ml (an, bn)≥ F1l (wn, a, b)− ε∗n ≥Ml (a, b)− ε∗n (5.139)

as ε∗n → 0. The assertion is concluded by the combination of (5.131) and (5.139).
〈2〉 b > a = λl .
A similar discussion gets (5.124) and (5.131). Based on the definition, for εn > 0, εn → 0, 

∃wn ∈Ml , ‖wn‖m = 1, s.t.

Ml (an, bn)+ εn ≥ F1l (wn, an, bn) , (5.140)

and then

lim
n→+∞

Ml (an, bn)≥ lim
n→+∞

(F1l (wn, an, bn)− εn) . (5.141)

Notice that
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lim
n→+∞

(F1l (wn, an, bn)− εn)
≥ lim
n→+∞

(I (θ (wn,λl, b)+wn,an, bn)− εn)
≥ lim
n→+∞

F1l (wn,λl, b)

+ lim
n→+∞

[I (θ (wn,λl, b)+wn,an, bn)− F1l (wn,λl, b)]

= lim
n→+∞

F1l (wn,λl, b)≥Ml (λl, b) . (5.142)

Combining (5.131), (5.141) and (5.142), we obtain

Ml (λl, b)≥ lim
n→+∞Ml (an, bn)≥ lim

n→+∞
Ml (an, bn)≥Ml (λl, b) , (5.143)

alluding to Ml (an, bn)→Ml (λl, b).
〈3〉 a = b= λl .
Observe that Ml (an, bn) ≤Ml (λl, λl) shows (5.131). In virtue of the definition, for εn > 0, 

εn → 0, ∃wn ∈Ml , ‖wn‖m = 1, (5.141) follows. As θ (wn,λl, λl)= 0, again by (5.131), (5.141)
and (5.142), we reach the conclusion as desired. The proof is complete. �
Lemma 5.25. Under the hypotheses of Lemma 5.16, if (a, b) ∈ D0

M and � (a, b) > λl , then 
∃δ > 0, ∀a∗ ∈ [a − δ, a + δ], ∃b∗ ∈ R, s.t., (a∗, b∗) ∈D0

M . If (a, b) ∈D0
M and a = λl < b, then 

∃̃δ > 0, ∀a∗ ∈ [
a, a + δ̃], ∃b∗ ∈ R, s.t., (a∗, b∗) ∈ D0

M . If (a, b) ∈ D0
M and b = λl < a, then 

∃δ > 0, ∀a∗ ∈ [
a − δ, a], ∃b∗ ∈R, s.t., (a∗, b∗) ∈D0

M .

Proof. For the case � (a, b) > λl , by Lemma 5.18, ∀b1 ∈ [λl, b), ∀b2 ∈ (
b, θ̃l+1

)
, (a, b1) ∈D+

M , 
(a, b2) ∈ D−

M . Take ε > 0 sufficiently small, ∀b1 ∈ [b− ε, b), ∀b2 ∈ (b, b+ ε], (a, b1) ∈ D+
M , 

(a, b2) ∈D−
M . Using Lemma 5.24, ∃δ1 > 0, ∀a∗ ∈ [a − δ1, a + δ1], (a∗, b+ ε) ∈D−

M , and also 
∃δ2 > 0, ∀a∗ ∈ [a − δ2, a + δ2], (a∗, b− ε) ∈D+

M . Taking δ = � (δ1, δ2) concludes the proof. A 
similar argument tackles with the case � (a, b)= λl < � (a, b). �
Proof of Theorem 5.23. In view of Lemma 5.25, suppose that (an, ν̃l (an)), (a, ν̃l (a)) ∈ D0

M

and an → a, we prove ν̃l (an)→ ν̃l (a). Without loss of generality, assume (a, ν̃l (a)) ∈ D∗. 
Take two cases into account:
(1) {an} is strictly increasing.
Using Lemma 5.21 we obtain that {̃νl (an)}+∞

n=1 is strictly decreasing and thus convergent. 
Assume ̃νl (an)→ b∗. As ̃νl (an) > ν̃l (a) for fixed n ∈N, we get

σ0 > ν̃l (an) > b
∗ ≥ ν̃l (a)≥ λl+1 ≥ a > an ≥ λl, (5.144)

alluding to (a, b∗), (an, b∗) ∈D∗. Hence, by Lemma 5.22,

0 =Ml (an, ν̃l (an))
= inf F1l (w, an, ν̃l (an))

w∈Ml,‖w‖m=1



7052 C. Li, S. Li / J. Differential Equations 263 (2017) 7000–7097
= inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I (v +w,an, ν̃l (an))

≤ inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I
(
v +w,an, b∗

)
=Ml

(
an, b

∗) . (5.145)

By Lemma 5.24, we obtain Ml (a, b∗)≥ 0 so b∗ = ν̃l (a).
(2) {an} is strictly decreasing.
Similarly, we yield that {̃νl (an)}+∞

n=1 is strictly increasing and thus convergent.
Assume ̃νl (an)→ b∗0 . Since ̃νl (an) < ν̃l (a) for fixed n ∈N, we get

λl ≤ ν̃l (an) < b∗0 ≤ ν̃l (a) , (5.146)

showing 
(
a, b∗0

)
, 
(
an, b

∗
0

) ∈D. Again by Lemma 5.22,

0 =Ml (an, ν̃l (an))
= inf
w∈Ml,‖w‖m=1

F1l (w, an, ν̃l (an))

= inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I (v +w,an, ν̃l (an))

≥ inf
w∈Ml,‖w‖m=1

sup
v∈Nl

I
(
v +w,an, b∗0

)
=Ml

(
an, b

∗
0

)
. (5.147)

Resorting to Lemma 5.24, Ml
(
a, b∗0

) ≤ 0 and then b∗0 = ν̃l (a), ending the proof. �
Next we turn our eyesight to analysis of the maximal curves.

Lemma 5.26. Under the hypothesis (V0), if
(i) � (a, b) < θ̃l+1;
or
(ii) � (a, b) <� (a, b)= θ̃l+1 < σ0,
then ∃v0 ∈Nl+1, ‖v0‖m = 1, s.t.

F2l+1 (v0, a, b)=ml+1 (a, b) . (5.148)

Proof. Set c=ml+1 (a, b). Notice that for fixed v ∈Nl+1, ‖v‖m = 1,

F2l+1 (v, a, b)≤ I (v, a, b)
≤ λl+1 − � (a, b)

2 (λl+1 +m) , (5.149)

so we get c <+∞.
On the other side, as � (a, b)≤ θ̃l+1, for ∀w ∈Ml+1,
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I (v +w,a, b)≥ 1

2

∫
RN

|∇v|2 + V v2 − �(a,b)
2

‖v‖2
L2

≥ λ1 −�(a,b)
2 (λ1 +m) (5.150)

and this shows c >−∞.
In virtue of the definition, there exists a sequence {vk}+∞

k=1 ⊂Nl+1, ‖vk‖m = 1, s.t.

F2l+1 (vk, a, b)→ c. (5.151)

Due to dimNl+1 <+∞, assume vk → v0. Observe that for fixed w ∈Ml+1, ∀ε > 0,

lim
k→+∞F2l+1 (vk, a, b)≤ lim

k→+∞ I (vk +w,a, b)= I (v0 +w,a, b) , (5.152)

implying that c≤ F2l+1 (v0, a, b). The assertion follows. �
Lemma 5.27. Under the hypotheses of Lemma 5.26, if (a, b) ∈ B0

m\ (λl+1, λl+1), then (a, b) ∈
B∗ or (a, b) ∈ B∗.

Proof. For fixed (a0, b0) ∈Q∗
l+1\ (B∗ ∪B∗), take account of the following cases:

(1) λl ≤ � (a0, b0)≤� (a0, b0)≤ λl+1.
(i) � (a0, b0) < λl+1.
For fixed ϕ0 ∈E (λl+1), ‖ϕ0‖m = 1, and ∀w ∈Ml+1,

I (ϕ0 +w,a0, b0)= 1

2

∫
RN

|∇ϕ0|2 + V (x)ϕ2
0 + 1

2

∫
RN

|∇w|2 + V (x)w2

−a0

2

∫
RN

∣∣(ϕ0 +w)−∣∣2 − b0

2

∫
RN

∣∣(ϕ0 +w)+∣∣2

≥ 1

2

(
1 − �(a0, b0)+m

λl+1 +m
)

+ 1

2

[
θ̃l+1 −�(a0, b0)

] · ‖w‖2
L2

≥ λl+1 −�(a0, b0)

2 (λl+1 +m) (5.153)

and thus

ml+1 (a0, b0)≥ F2l+1 (ϕ0, a0, b0)≥ λl+1 −�(a0, b0)

2 (λl+1 +m) > 0. (5.154)

(ii) � (a0, b0)= λl+1.
Clearly, ml+1 (a0, b0)≥ 0. If ml+1 (a0, b0)= 0, then for fixed ϕ0 ∈E (λl+1), ‖ϕ0‖m = 1, s.t.
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0 ≥ F2l+1 (ϕ0, a0, b0)= I (ϕ0 + τ (ϕ0, a0, b0) , a0, b0)

= 1

2

∫
RN

|∇ϕ0|2 + V (x) |ϕ0|2 + 1

2

∫
RN

|∇τ (ϕ0, a0, b0)|2 + V (x) |τ (ϕ0, a0, b0)|2

−a0

2

∫
RN

∣∣(ϕ0 + τ (ϕ0, a0, b0))
−∣∣2 − b0

2

∫
RN

∣∣(ϕ0 + τ (ϕ0, a0, b0))
+∣∣2
. (5.155)

We claim that

a0

∫
RN

∣∣(ϕ0 + τ (ϕ0, a0, b0))
−∣∣2 + b0

∫
RN

∣∣(ϕ0 + τ (ϕ0, a0, b0))
+∣∣2

< λl+1

(
‖ϕ0‖2

L2 + ‖τ (ϕ0, a0, b0)‖2
L2

)
. (5.156)

Without loss of generality, assume b0 = λl+1 > a0. If (5.156) is violated, we get∥∥(ϕ0 + τ (ϕ0, a0, b0))
−∥∥
L2 = 0, (5.157)

and then ϕ0 + τ (ϕ0, a0, b0)≥ 0 a.e. on RN .
As 

〈
I ′
w (ϕ0 + τ (ϕ0, a0, b0) , a0, b0) , w̃

〉 = 0 for ∀w̃ ∈Ml+1, we have∫
RN

∇τ (ϕ0, a0, b0)∇w̃+ V (x) τ (ϕ0, a0, b0) w̃ = λl+1 〈τ (ϕ0, a0, b0) , w̃〉L2 . (5.158)

Take w̃ = τ (ϕ0, a0, b0), (5.158) yields

θ̃l+1 ‖τ (ϕ0, a0, b0)‖2
L2

≤
∫
RN

|∇τ (ϕ0, a0, b0)|2 + V (x) |τ (ϕ0, a0, b0)|2

= λl+1 ‖τ (ϕ0, a0, b0)‖2
L2 (5.159)

and this shows ϕ0 ≥ 0 a.e. on RN . As ϕ0⊥ψ1, it follows that ϕ0 = 0 a.e. on RN , contradicting 
‖ϕ0‖m = 1. The claim is proved.

Combining (5.155) and (5.156), we derive a self-contradictory inequality

0 ≥ I (ϕ0 + τ (ϕ0, a0, b0) , a0, b0)

>
1

2

∫
RN

|∇τ (ϕ0, a0, b0)|2 + V (x) |τ (ϕ0, a0, b0)|2 − λl+1

2
‖τ (ϕ0, a0, b0)‖2

L2

≥ θ̃l+1 − λl+1

2
‖τ (ϕ0, a0, b0)‖2

L2 ≥ 0, (5.160)

also alluding to ml+1 (a0, b0) > 0.
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(2) λl+1 ≤ � (a0, b0)≤� (a0, b0)≤ θ̃l+1.
If � (a0, b0) > λl+1, for fixed v ∈Nl+1, ‖v‖m = 1,

I (v, a0, b0)= 1

2

∫
RN

|∇v|2 + V (x)v2 − a0
(
v−)2 − b0

(
v+)2

≤ −� (a0, b0)− λl+1

2 (λl+1 +m) < 0, (5.161)

and thus ml+1 (a0, b0) < 0. If � (a0, b0)= λl+1, without loss of generality, assume θ̃l+1 ≥ b0 >

a0 = λl+1. Evidently, I (v, a0, b0) < 0 unless

a0
∥∥v−∥∥2

L2 + b0
∥∥v+∥∥2

L2 = λl+1 ‖v‖2
L2 , (5.162)

so we are merely to deal with this case.
Observe that (5.162)⇒ v ≤ 0 a.e. on RN . Hence, if I (v, a0, b0)= 0, we have

〈Av,v〉L2 = λl+1 ‖v‖L2 , (5.163)

indicating that v is an eigenvector of λl+1, and consequently v⊥ψ1 ⇒ v = 0, contradicting 
‖v‖m = 1. Therefore, I (v, a0, b0) < 0, and by Lemma 5.26, we also derive ml+1 (a0, b0) < 0. 
The proof is complete. �
Lemma 5.28. Under the hypotheses of Lemma 5.26, if (a, b) ∈ F 0

m, λ1 < � (a,b) ≤� (a, b) <
θ̃l+1 or λ1 < b < λl+1 < a = θ̃l+1 < σ0, then for ∀b1 ∈ (−∞, b), ∀b2 ∈ (

b, θ̃l+1
]
, (a, b1) ∈ F+

m , 
(a, b2) ∈ F−

m . In addition, if (a, b) ∈ F 0
m, λ1 < a < λl+1 < b= θ̃l+1 < σ0, then for ∀b̃ ∈ (−∞, b), (

a, b̃
) ∈ F+

m .

Aiming at Lemma 5.28, we prove the following lemma adapted to our needs:

Lemma 5.29. Under the hypotheses of Lemma 5.26, if (a, b) ∈ F 0
m, λ1 < � (a,b) ≤� (a, b) ≤

θ̃l+1 < σ0, then (a, b) ∈� (A).

Proof. We divide the proof into two cases:
(1) a ≤ b. We deduce from Lemma 5.27 that for fixed (a0, b0) ∈ R

2\ (λl+1, λl+1), if 
� (a0, b0) ≤ λl+1, ml+1 (a0, b0) > 0, and if � (a0, b0) ≥ λl+1, ml+1 (a0, b0) < 0. Therefore, it 
follows that a < λl+1 < b.

Suppose by contradiction, (a, b) /∈� (A), then there exists ε0 > 0 sufficiently small, (a∗, b) /∈
� (A) for ∀a∗ ∈ [a − ε0, a + ε0]. We claim that ∀a∗

1 ∈ [a − ε0, a), ml+1
(
a∗

1 , b
)
> 0. Otherwise, 

∃a∗
1 ∈ [a − ε0, a), ml+1

(
a∗

1 , b
) = 0. By Lemma 5.26, ∃v ∈Nl+1, ‖v‖m = 1,

F2l+1 (v, a, b)=ml+1 (a, b)= 0. (5.164)

We first show

I
(
v+ τ (

v, a∗
1 , b

)
, a∗

1 , b
)
> I

(
v + τ (

v, a∗
1 , b

)
, a, b

)
. (5.165)

By way of negation, we obtain v+ τ (
v, a∗, b

) ≥ 0.
1
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Notice that 
〈
I ′
w

(
v+ τ (

v, a∗
1 , b

)
, a∗

1 , b
)
, w̃

〉 = 0 for ∀w̃ ∈Ml+1, i.e.,∫
RN

∇τ (
v, a∗

1 , b
)∇w̃+ V (x) τ (

v, a∗
1 , b

)
w̃ = b 〈

τ
(
v, a∗

1 , b
)
, w̃

〉
L2 , (5.166)

yielding

θ̃l+1
∥∥τ (
v, a∗

1 , b
)∥∥2
L2

≤
∫
RN

∣∣∇τ (
v, a∗

1 , b
)∣∣2 + V (x) ∣∣τ (

v, a∗
1 , b

)∣∣2

= b∥∥τ (
v, a∗

1 , b
)∥∥2
L2 . (5.167)

If b= θ̃l+1 < σ0, notice that

0 =ml+1
(
a∗

1 , b
)

≥ F2l+1
(
v, a∗

1 , b
)

= I (
v+ τ (

v, a∗
1 , b

)
, a, b

)
≥ F2l+1 (v, a, b)

=ml+1 (a, b)= 0, (5.168)

and we immediately derive a self-contradictory inequality

0 = I (
v + τ (

v, a∗
1 , b

)
, a, b

)
= 1

2

∫
RN

|∇v|2 + V (x)v2 − b
2

‖v‖2
L2 < 0, (5.169)

alluding to (5.165). Clearly τ
(
v, a∗

1 , b
) = 0 if b < θ̃l+1, (5.165) also follows from (5.171).

(5.165) indicates that ml+1
(
a∗

1 , b
)
> 0, violating the hypothesis ml+1

(
a∗

1 , b
) = 0. The claim 

is thus proved.
Along the same lines, ∀a∗

2 ∈ (a, a + ε0], ml+1
(
a∗

2 , b
)
< 0. Hence, an argument resembling 

Theorem 1.1(iv) and (v) of [32], gives rise to

Cdl+1

(
I(a∗

1 ,b
),0) ∼= 0,Cq

(
I(a∗

2 ,b
),0) ∼= δqdl+1G. (5.170)

However, by Proposition 9.4,

Cq

(
I(a∗

1 ,b
),0) ∼= Cq

(
I(a∗

2 ,b
),0)

, (5.171)

contradicting (5.170). The assertion follows.
(2) b ≤ a.
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Employing Lemma 5.27 gets b < λl+1 < a. Suppose to the contrary that (a, b) /∈� (A). Then 
there exists ε > 0 suitably small, (a, b∗) /∈� (A) for ∀b∗ ∈ [b− ε, b+ ε]. A standard argument 
concludes the proof. �
Proof of Lemma 5.28. Obviously, for ∀b̃ < b, ml+1

(
a, b̃

) ≥ml+1 (a, b). By way of negation, 
∃b̃ ∈ (−∞, b), ml+1

(
a, b̃

) = 0. Using Lemma 5.26, ∃v ∈Nl+1, ‖v‖m = 1, s.t.

F2l+1 (v, a, b)=ml+1 (a, b)= 0. (5.172)

We claim

I
(
v + τ (

v, a, b̃
)
, a, b̃

)
> I

(
v + τ (

v, a, b̃
)
, a, b

)
. (5.173)

Argue by contradiction. If � (a, b) < θ̃l+1, a standard argument shows v ≤ 0 and τ
(
v, a, b̃

) =
τ (v, a, b)= 0, and then by Lemma 5.4 and Lemma 5.29, we infer that a is an eigenvalue of A and 
so (5.173) follows immediately as a /∈ σdis (A). If a ∈ σdis (A), it follows that v is an eigenvector 
of a and accordingly the combination of v⊥ψ1 and v ≤ 0 determines v = 0, conflicting with 
‖v‖m = 1. In like manner, we get (a, b2) ∈ F−

m for ∀b2 ∈ (
b, θ̃l+1

]
.

Quite similarly, we can treat the case � (a, b) < λl+1 <� (a, b)= θ̃l+1 < σ0, ending the proof 
of Lemma 5.28. �

Denote

F ∗ =
{
(a, b) ∈R

2 : −∞< a ≤ λl+1 ≤ b ≤ θ̃l+1

}
;

F∗ =
{
(a, b) ∈R

2 : −∞< b ≤ λl+1 ≤ a ≤ θ̃l+1

}
.

Lemma 5.30. Under the hypotheses of Lemma 5.26, if (ai, bi) ∈ F 0
m, λ1 < � (ai, bi) ≤

� (ai, bi) < θ̃l+1 or λ1 < � (ai, bi) < λl+1 < � (ai, bi) ≤ θ̃l+1 < σ0, i = 1, 2, and a1 < a2, 
then b1 > b2.

Proof. In terms of Lemma 5.27, if (a, b) �= (λl+1, λl+1), then ml+1 (a, b) > 0 as λl ≤ � (a, b)≤
� (a, b) ≤ λl+1, and ml+1 (a, b) < 0 as λl+1 ≤ � (a, b) ≤ � (a, b) ≤ θ̃l+1, so we are merely 
to deal with two cases: {(a1, b1) , (a2, b2)} ⊂ F ∗ or {(a1, b1) , (a2, b2)} ⊂ F∗. Suppose to the 
contrary that b1 ≤ b2. Actually, the contradiction originates directly from the combination of 
Lemma 5.26 and the proof of Lemma 5.29. �
Lemma 5.31. Under the hypothesis (V0), if (a, b) ∈ F , ml+1 (a, b) < 0, then there exists ε0 > 0, 
∀b̃ ∈ [b− ε0, b), ml+1

(
a, b̃

)
< 0.

Proof. Otherwise, ∃b̃k → b, b̃k < b, s.t. ml+1
(
a, b̃k

) ≥ 0. Hence, for εk > 0, εk → 0, ∃vk ∈
Nl+1, ‖vk‖m = 1, for fixed w ∈Ml+1,

I
(
vk +w,a, b̃k

) ≥ F2l+1
(
vk, a, b̃k

) ≥ml+1
(
a, b̃k

) − εk ≥ −εk. (5.174)

Assume vk → v0 and let k→ +∞,
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I (v0 +w,a, b)≥ 0 (5.175)

and then yields ml+1 (a, b)≥ 0, violating the hypothesis ml+1 (a, b) < 0. �
Define

μ̃l+1 (a)= inf
{
b : (a, b) ∈ F 0

m ∪ F−
m

}
.

Lemma 5.32. Under the hypotheses of Lemma 5.26, if (a, b) ∈ F , λ1 < � (a,b) ≤ � (a, b) <
θ̃l+1 or λ1 <� (a,b) < λl+1 <� (a, b)= θ̃l+1 < σ0, then b= μ̃l+1 (a)⇐⇒ (a, b) ∈ F 0

m.

Proof. “⇒” originates from the combination of Lemma 5.31 and Lemma 5.34 below while “⇐” 
is concluded by Lemma 5.28. �
Theorem 5.33. Under the hypotheses of Lemma 5.26, if θ̃l+1 < σ0, then μ̃l+1 (a) is continuous 
on (λ1, λl+1

]
as (a, μ̃l+1 (a)) ∈ F ∗ and also on 

[
λl+1, θ̃l+1

]
as (a, μ̃l+1 (a)) ∈ F∗. In addition, 

if θ̃l+1 = σ0, then μ̃l+1 (a) is continuous on (λ1, λl+1
]

as (a, μ̃l+1 (a)) ∈ (F ∗)◦ and also on [
λl+1, θ̃l+1

)
as (a, μ̃l+1 (a)) ∈ (F∗)◦, where (F ∗)◦ and (F∗)◦ denote the interior of F ∗ and F∗

respectively.

Two lemmas below serve as indispensable supplementary means to verify Theorem 5.33.

Lemma 5.34. Under the hypotheses of Lemma 5.26, ml+1 (a, b) is continuous on (a, b) ∈ F if 
θ̃l+1 < σ0, and also on (a, b) ∈ F ◦ ∪ {(

θ̃l+1, θ̃l+1
)}

if ̃θl+1 = σ0.

Proof. Without loss of generality, suppose that (an, bn) ∈ F , (an, bn)→ (a, b), a ≤ b. Take two 
cases into account:

〈1〉 a ≤ b < θ̃l+1 or a < b= θ̃l+1 < σ0.
We claim that for fixed v ∈Nl+1, ‖v‖m = 1,

F2l+1 (v, an, bn)→ F2l+1 (v, a, b) . (5.176)

Take ε > 0. As

F2l+1 (v, an, bn)≤ F2l+1 (v, a − ε, a − ε)≤ I (v, a − ε, a − ε) <+∞, (5.177)

an argument analogous to that of Lemma 5.1 derives the boundedness of ‖τ (v, an, bn)‖m. As-
sume that a renamed subsequence (an, bn), s.t. τ (v, an, bn)⇀w∗ in H 1

m, and thus

lim
j→+∞

I (v + τ (v, an, bn) , a, b)≥ I
(
v +w∗, a, b

)
. (5.178)

Hence, for ∀w ∈Ml+1,

I (v+ τ (v, a, b) , a, b)
≤ I (

v +w∗, a, b
)
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≤ lim
j→+∞

I (v+ τ (v, an, bn) , a, b)

≤ lim
j→+∞I (v+ τ (v, an, bn) , a, b)

≤ lim
j→+∞ [I (v+ τ (v, an, bn) , a, b)− I (v + τ (v, an, bn) , an, bn)]

+ lim
j→+∞I (v + τ (v, an, bn) , an, bn)

≤ lim
j→+∞I (v+w,an, bn)

= I (v+w,a, b) , (5.179)

yielding w∗ = τ (v, a, b), and accordingly we get (5.176). Therefore,

lim
n→+∞

ml+1 (an, bn)≥ lim
n→+∞

F2l+1 (v, an, bn)= F2l+1 (v, a, b) , (5.180)

indicating that

lim
n→+∞

ml+1 (an, bn)≥ml+1 (a, b) . (5.181)

The other side of the shield, for εn > 0, εn → 0, ∃vn ∈Nl+1, ‖vn‖m = 1, s.t.

ml+1 (an, bn)≤ F2l+1 (vn, an, bn)+ εn. (5.182)

Assume vn → v0. For fixed w ∈Ml+1,

lim
n→+∞F2l+1 (vn, an, bn)≤ lim

n→+∞I (vn +w,an, bn)= I (v0 +w,a, b) (5.183)

and consequently,

lim
n→+∞F2l+1 (vn, an, bn)≤ F2l+1 (v0, a, b)≤ml+1 (a, b) . (5.184)

Combining (5.181), (5.182) and (5.184) we arrive at the conclusion.
〈2〉 a = b= γ̃ ≤ σ0.
Thanks to ml+1 (an, bn)≥ml+1 (a, b), the assertion follows. �

Lemma 5.35. Under the hypotheses of Lemma 5.26, if (a, b) ∈ F 0
m, λ1 < � (a,b) ≤� (a, b) <

θ̃l+1, then ∃δ1 > 0, ∀̃a ∈ [a − δ1, a + δ1], ∃b̃ ∈ R, s.t., 
(̃
a, b̃

) ∈ F 0
m, and if (a, b) ∈ F 0

m, λ1 < a <

λl+1 < b = θ̃l+1 < σ0, then ∃δ2 > 0, ∀̃a ∈ [a, a + δ2], ∃b̃ ∈ R, s.t., 
(̃
a, b̃

) ∈ F 0
m, and if (a, b) ∈

F 0
m, λ1 < b < λl+1 < a = θ̃l+1 < σ0, then ∃δ3 > 0, ∀̃a ∈ [a − δ3, a], ∃b̃ ∈ R, s.t., 

(̃
a, b̃

) ∈ F 0
m.

Proof. The conclusion is fully based on Lemma 5.28 and Lemma 5.34. �
Proof of Theorem 5.33. By Lemma 5.30, Lemma 5.32, Lemma 5.34 and Lemma 5.35, the 
consequence follows directly from an argument resembling that of Theorem 5.23. �
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6. Critical groups of J at infinity and zero

In this section we present the computation of critical groups of J at zero and infinity, which 
are exploited as tools to deal with the problems on the existence of nontrivial solutions of (1.1).

6.1. Computation of C∗ (J,∞)

Let E be a Hilbert space and � :E→ R be of class C1. Recall the concept of critical groups 
of � at infinity introduced by [2]:

Definition 6.1. Suppose � (K�) is strictly bounded from below by c ∈ R and that � satisfies the 
(PS) condition. Then Cq (�,∞)∼=Hq (E,�c), q ≥ 0, is the q-th critical group of � at infinity. 
It is independent of the choice of c with (PS) condition.

Define

Jt (u)= Jt (u, a, b)= 1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx − a

2

∫
RN

(
u−)2

−b
2

∫
RN

(
u+)2 − t

∫
RN

G(x,u) ,

t ∈ [0,1], G (x,u)= ∫ u
0 g (x, s) ds, and consider the following equation:{ −�u+ V (x)u= au− + bu+ + tg (x,u) , x ∈R

N,

u (x)→ 0, as |x| → +∞. (6.1)

Our main result concerning the computation of critical groups at infinity reads:

Theorem 6.2. Suppose (f1) and (a, b) /∈� (A), then

Cq (J,∞)∼= Cq (Jt ,∞)∼= Cq (I,0) ,∀t ∈ [0,1] . (6.2)

To complete the proof of Theorem 6.2, we present some lemmas adapted to our needs.

Lemma 6.3. Under the hypotheses of Theorem 6.2, there exists M > 0, s.t.

sup
t∈[0,1]

sup
u∈KJt

‖u‖m <M. (6.3)

Proof. The conclusion follows directly from an argument analogous to that of Theorem 3.4.

Lemma 6.4. Under the hypotheses of Lemma 6.3,

δ = inf
t∈[0,1], u∈H 1

(
RN

)\B (0,M)

∥∥J ′
t (u)

∥∥
m

‖u‖ > 0, (6.4)

m m m
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where

J ′
t (u)= u−A−1

m

[
(a +m)u− + (b+m)u+ + tg (x,u)] ,

Bm (u,M)=
{
w ∈H 1

m : ‖w− u‖m <M
}
.

Proof. By way of negation, there exist tk ∈ [0,1], uk ∈H 1
m

(
R
N

)\Bm (0,M), s.t.

∥∥J ′
tk
(uk)

∥∥
m

‖uk‖m → 0, k→ +∞ (6.5)

Repeating an argument analogous to Step two of the proof of Theorem 3.4, it follows that 
{uk}+∞

k=1 is bounded in H 1
m

(
R
N

)
and 

∥∥J ′
tk
(uk)

∥∥
m

→ 0. Assume tk → t0, uk ⇀ u0 in H 1
m

(
R
N

)
, 

we get

∫
RN

∇u0∇ϕ + V (x)u0ϕ

=
∫
RN

(
au−

0 + bu+
0

)
ϕ + t0

∫
RN

g (x,u0)ϕ,∀ϕ ∈ C∞
0

(
R
N

)
. (6.6)

Due to the density of C∞
0

(
R
N

)
in H 1

(
R
N

)
, we yield

∫
RN

∇u0∇ϕ + V (x)u0ϕ

=
∫
RN

(
au−

0 + bu+
0

)
ϕ + t0

∫
RN

g (x,u0)ϕ,∀ϕ ∈H 1
(
R
N

)
, (6.7)

and this shows that u0 is a weak solution of (6.1) for t = t0, i.e.,

J ′
t0
(u0)= u0 −A−1

m

[
(a +m)u−

0 + (b+m)u+
0 + t0g (x,u0)

] = 0. (6.8)

Notice that

J ′
tk
(uk)= uk −A−1

m

[
(a +m)u−

k + (b+m)u+
k + tkg (x,uk)

] → 0, (6.9)

fully imitating the trick employed by the proof of Theorem 3.4, we get uk → u0 in H 1
m

(
R
N

)
, so 

u0 ∈KJt0 \Bm (0,M), which contradicts (6.3). The proof is complete. �
Lemma 6.5. Under the hypothesis (f1), ∃C̃ < 0, ∀t ∈ [0,1], for u ∈ H 1

m

(
R
N

)
, if Jt (u) ≤ C̃, 

then ‖u‖m ≥M .
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Proof. Suppose the contrary. Take Ck → −∞ as k → +∞, then ∃tk ∈ [0,1] and uk ∈ E, 
Jtk (uk)≤Ck , ‖uk‖m <M . We just treat the case � (a, b)+ β > μ1. Observe that

Jtk (uk)≥
1

2
‖uk‖2

m − �(a,b)+ β +m
2

∫
RN

u2
k

≥ 1

2
‖uk‖2

m − �(a,b)+ β +m
2 (μ1 +m) ‖uk‖2

m

= −�(a,b)+ β −μ1

2 (μ1 +m) ‖uk‖2
m

≥ −�(a,b)+ β −μ1

2 (μ1 +m) M2 >−∞ (6.10)

and this contradicts Jtk (uk)→ −∞. The proof is complete. �
Lemma 6.6. If C̃� −�(a,b)+β−μ1

2(μ1+m) M2, then ∂tJt (w)
J ′
t (w)∥∥J ′
t (w)

∥∥2
m

is local Lipschitz for ∀u ∈ J C̃t :={
u ∈H 1

m : Jt (u)≤ C̃
}
, ∀t ∈ [0,1].

Proof. Notice that

∂tJt (w)= −
∫
RN

G(x,w) ,

we write F1 (w) = ∂tJt (w), F2 (w) = J ′
t (w)∥∥J ′
t (w)

∥∥2
m

. As C̃ � −�(a,b)+β−μ1
2(μ1+m) M2 indicates that 

‖u‖m ≥M , by (6.4) we have

inf
t∈[0,1], w∈J C̃t

∥∥J ′
t (w)

∥∥
m

‖w‖m ≥ δ. (6.11)

Therefore, there exist R > 0, s.t.

inf
t∈[0,1], w∈Bm(u,R)

∥∥J ′
t (w)

∥∥
m

‖w‖m ≥ δ
2
, (6.12)

and ‖w‖m ≥ M
2 for ∀w ∈ Bm (u,R). This yields

inf
t∈[0,1], w∈Bm(u,R)

∥∥J ′
t (w)

∥∥
m

≥ Mδ
4
. (6.13)

Take w1, w2 ∈ Bm (u,R). Estimating crudely shows that for ∀ϕ ∈H 1
m

(
R
N

)
, ‖ϕ‖m = 1,
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∣∣∣∣∣∣∣
∫
RN

V (w1 −w2)ϕ

∣∣∣∣∣∣∣
≤ ‖V1‖Lp · ‖ϕ‖L2q · ‖w1 −w2‖L2q + ‖V2‖L∞ · ‖ϕ‖L2 · ‖w1 −w2‖L2

≤ C̃1 ‖w1 −w2‖m (6.14)

if p > N
2 ≥ 2, and∣∣∣∣∣∣∣

∫
RN

V (x) (w1 −w2)ϕ

∣∣∣∣∣∣∣
≤ ‖V1‖L2 · ‖ϕ‖L4 · ‖w1 −w2‖L4 + ‖V2‖L∞ · ‖ϕ‖L2 · ‖w1 −w2‖L2

≤ C̃2 ‖w1 −w2‖m (6.15)

if p = 2 and N ≤ 3, 1
p

+ 1
q

= 1.
Thereby, ∣∣∣∣∣∣∣

∫
RN

V (x) (w1 −w2)ϕ

∣∣∣∣∣∣∣ ≤ C̃3 ‖w1 −w2‖m , (6.16)

C̃3 =� 
(
C̃1, C̃2

)
.

And also observe that for ∀ϕ ∈H 1
m

(
R
N

)
, ‖ϕ‖m = 1,∣∣∣∣∣∣

∫
�

(
w+

1 −w+
2

)
ϕ

∣∣∣∣∣∣ ≤ ∥∥w+
1 −w+

2

∥∥
L2 · ‖ϕ‖L2

=

⎡⎢⎢⎣ ∫
w+

1 ≥w+
2

(
w+

1 −w+
2

)2 +
∫

w+
2 ≥w+

1

(
w+

2 −w+
1

)2

⎤⎥⎥⎦
1
2

· ‖ϕ‖L2

≤

⎡⎢⎢⎣ ∫
w+

1 ≥w+
2

(w1 −w2)
2 +

∫
w+

2 ≥w+
1

(w1 −w2)
2

⎤⎥⎥⎦
1
2

· ‖ϕ‖L2

= 2‖w1 −w2‖m . (6.17)

Proceeding along the same lines, we have∣∣∣∣∣∣
∫ (
w−

1 −w−
2

)
ϕ

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ [
(−w2)

+ − (−w1)
+]
ϕ

∣∣∣∣∣∣ ≤ 2‖w1 −w2‖m . (6.18)
� �
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Therefore,∥∥J ′
t (w1)− J ′

t (w2)
∥∥
m

≤ (
1 + C̃3 + 2 |a +m| + 2 |b+m| + 2β

)‖w1 −w2‖m . (6.19)

Consequently,

‖F2 (w1)− F2 (w2)‖m

≤
∥∥J ′
t (w2)

∥∥2
m

· ∥∥J ′
t (w1)− J ′

t (w2)
∥∥
m∥∥J ′

t (w1)
∥∥2
m

· ∥∥J ′
t (w2)

∥∥2
m

+
∥∥J ′
t (w1)

∥∥
m

+ ∥∥J ′
t (w2)

∥∥
m∥∥J ′

t (w1)
∥∥2
m

· ∥∥J ′
t (w2)

∥∥
m

· ∥∥J ′
t (w1)− J ′

t (w2)
∥∥
m

=
(

2∥∥J ′
t (w1)

∥∥2
m

+ 1∥∥J ′
t (w1)

∥∥
m

· ∥∥J ′
t (w2)

∥∥
m

)
· ∥∥J ′

t (w1)− J ′
t (w2)

∥∥
m

≤ 48

(Mδ)2

∥∥J ′
t (w1)− J ′

t (w2)
∥∥
m

≤ C̃4 ‖w1 −w2‖m . (6.20)

As

|G(x,w1)−G(x,w2)| = |g (x,w2 + θ (w1 −w2))| · |w1 −w2|
≤ β |w2 + θ (w1 −w2)| · |w1 −w2| , (6.21)

0 < θ < 1, we get

|F1 (w1)− F1 (w2)| ≤ β
∫
RN

|w2 + θ (w1 −w2)| · |w1 −w2|

≤ 2β ‖w2‖m · ‖w1 −w2‖m + 2β ‖w1 −w2‖2
m

≤ 2β (3R + ‖u‖m) · ‖w1 −w2‖m . (6.22)

Hence,

‖F1 (w1)F2 (w1)− F1 (w2)F2 (w2)‖m
≤ ‖(F1 (w1)− F1 (w2))F2 (w1)‖m + ‖(F2 (w1)− F2 (w2))F1 (w2)‖m
= |F1 (w1)− F1 (w2)| · ‖F2 (w1)‖m + |F1 (w2)| · ‖F2 (w1)− F2 (w2)‖m
≤

[
8

Mδ
β (3R + ‖u‖m)+ 2C̃4β (3R + ‖u‖m)2

]
· ‖w1 −w2‖m

≤ C̃5 ‖w1 −w2‖m (6.23)

and we arrive at the desired conclusion. �
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Proof of Theorem 6.2. Consider the following equation on H 1
m

(
R
N

)
,

d

dt
σ (t, u)= −∂tJt (σ (t, u)) J ′

t (σ (t, u))∥∥J ′
t (σ (t, u))

∥∥2
m

,σ (0, u)= u, t ∈ [0,1] (6.24)

(see [9]). Let u ∈ I C̃ = {
u ∈H 1

m

(
R
N

) : I (u)≤ C̃}
, C̃� −�(a,b)+β−μ1

2(μ1+m) M2.

Since ∂tJt (w)
J ′
t (w)∥∥J ′
t (w)

∥∥2
m

is local Lipschitz for ∀u ∈ J C̃t , ∀t ∈ [0,1], there is a t0 > 0 such that 

the solution of (6.24) exists for any initial value u ∈ I C̃ and t ∈ [0, t0].
Observe that

d

dt
Jt (σ (t, u))=

〈
J ′
t (σ (t, u)) ,

d

dt
σ (t, u)

〉
+ ∂tJt (σ (t, u))= 0, (6.25)

we have

Jt (σ (t, u))≤ C̃ if and only if I (u)≤ C̃. (6.26)

In view of the fact

|∂tJt (u)| =

∣∣∣∣∣∣∣
∫
RN

G(x,u)

∣∣∣∣∣∣∣ ≤ 2β ‖u‖2
m , (6.27)

consequently, by (6.11)

∥∥∥∥∥∂tJt (σ (t, u)) J ′
t (σ (t, u))∥∥J ′
t (σ (t, u))

∥∥2
m

∥∥∥∥∥
m

≤ 2β ‖σ (t, u)‖2
m∥∥J ′

t (σ (t, u))
∥∥
m

≤ 2β

δ
‖σ (t, u)‖m . (6.28)

Notice that (6.24) derives

σ (t, u)− u= −
t∫

0

∂sJs (σ (s, u))
J ′
s (σ (s, u))∥∥J ′
s (σ (s, u))

∥∥2
m

ds. (6.29)

Taking ϕ = σ(t,u)
‖σ(t,u)‖m yields

〈σ (t, u) ,ϕ〉m = ‖σ (t, u)‖m . (6.30)

By Fubini theorem and (6.28) we obtain
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‖σ (t, u)‖m ≤ ‖u‖m +
t∫

0

|∂sJs (σ (s, u))|∥∥J ′
s (σ (s, u))

∥∥2
m

· ∥∥J ′
s (σ (s, u))

∥∥
m
ds

≤ ‖u‖m + 2β

δ

t∫
0

‖σ (s,u)‖m ds (6.31)

and by Gronwall inequality

‖σ (t, u)‖m ≤ ‖u‖m · e 2β
δ
t . (6.32)

Repeat above procedure we deduce that (6.32) follows for ∀t ∈ [0,1].
Now we define a map:

� : u �→ σ (1, u) ,

which is a homeomorphism between the level sets of I C̃ and J C̃ . Thereby,

Hq

(
J C̃

) ∼=Hq
(
I C̃

)
(6.33)

and the proof is complete. �
6.2. Computation of C∗ (J,0)

Also set f (x, s) = a0s
− + b0s

+ + g̃ (x, s), g̃ (x, s) = g (x, s) − (a0 − a) s− − (b0 − b) s+, 
g (x,0) = 0 and assume lim

s→0

g̃(x,s)
s

= 0, lim
s→∞

g(x,s)
s

= 0, uniformly with respect to x ∈ R
N . To 

show our consequence in this subsection, we need the following stronger hypotheses:
(f2) max

t∈[0,1]
� (at , bt )≤ max

t∈[0,1]
(�(at , bt )+ tβ) < σ0, at = (1 − t) a0 + ta, bt = (1 − t) b0 + tb.

Define

J̃t (u)= 1

2

∫
RN

(
|∇u|2 + V (x)u2

)
dx − a0

2

∫
RN

(
u−)2

−b0

2

∫
RN

(
u+)2 − t

∫
RN

G̃ (x,u) ,

t ∈ [0,1], G̃ (x,u)= ∫ u
0 g̃ (x, s) ds, and consider the following equation:

{ −�u+ V (x)u= a0u
− + b0u

+ + t g̃ (x, u) , x ∈R
N,

u (x)→ 0, as |x| → +∞. (6.34)

Our main result concerning computation of critical groups of J at zero reads:
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Lemma 6.7. Let V be a real K–R potential and suppose (f1), (a0, b0) /∈� (A), � (a0, b0) < σ0, 
then 0 is an isolated critical point of J . In addition,

Cq (J,0)∼= Cq
(
J̃t ,0

) ∼= Cq (I,0) ,∀t ∈ [0,1] . (6.35)

Remark 6.8. Note that the combination of (f1) and � (a0, b0) < σ0 alludes to (f2).

Proof of Lemma 6.7. To show the first half of the proof, we verify that ∃r > 0, ∀t ∈ [0,1],

KJ̃t ∩Bm (0, r)= {0} , (6.36)

where KJ̃t := {
u ∈H 1

m

(
R
N

) : J̃ ′
t (u)= 0

}
. Suppose by contradiction, ∃rn > 0, rn → 0, ∃tn ∈

[0,1], ∃un ∈KJ̃tn ∩Bm (0, rn)\ {0}, and thus ‖un‖m → 0. Set ̃un = un‖un‖m . Hence,

∫
RN

∇ũn∇ϕ + V (x) ũnϕ − a0ũ
−
n ϕ − b0ũ

+
n ϕ − tn g̃ (x,un)‖un‖m ϕ = 0,∀ϕ ∈H 1

m

(
R
N

)
. (6.37)

Set ‖un‖m = ρn, and take δn > 0, δn → 0, s.t. ρn
δn

→ 0. Now we claim that ∀ϕ ∈H 1
m

(
R
N

)
,

lim
n→+∞

∫
RN

|̃g (x,un)ϕ|
‖un‖m = 0. (6.38)

Indeed, observe that f (x,s)
s

→ a0 as s → 0− and f (x,s)
s

→ b0 as s → 0+, then for ∀ε > 0, 
∃S > 0, ∀s ∈R, 0 < |s| ≤ S,

max
x∈RN

∣∣∣∣ g̃ (x, s)s

∣∣∣∣< ε

4‖ϕ‖m
. (6.39)

Clearly, ∃N1 ∈ N, ∀n ≥N1, δn < S. Therefore,

∫
|un|≤δn |̃g (x,un)ϕ|

‖un‖m
≤ ε

4‖ϕ‖m
· ‖ũn‖ · ‖ϕ‖

≤ ε

4‖ϕ‖m
· 2‖ϕ‖m = ε

2
. (6.40)

On the other side, notice that g̃ (x, s) = g (x, s) − (a0 − a) s− − (b0 − b) s+, so there is a 
C > 0, for ∀x ∈R

N , ∀s ∈R, |̃g (x, s)| ≤ C |s|.
If N ≥ 3, picking q̃ ∈ (2,2∗)⇒ 2N

N+2 < p̃ < 2, 1
p̃

+ 1
q̃

= 1. Choosing α ∈
(

2
N
, 2
N−2

)
⇒

2 < (1 + α) p̃ < 2∗. As ρn → 0, ∃N2 ∈N, ∀n ≥N2,

δn
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∫
|un|>δn |̃g (x,un)ϕ|

‖un‖m

≤ C
∫
|un|>δn |un|1+α · |ϕ|
δαn ‖un‖m

≤ C
( ∫

RN
|un|(1+α)p̃) 1

p̃ · ( ∫
RN

|ϕ |̃q) 1
q̃

δαn ‖un‖m
≤ C̃

(
ρn

δn

)α
· ‖ϕ‖m < ε2 . (6.41)

Take N =� (N1,N2), we have∫
RN

|̃g (x,un)ϕ|
‖un‖m

≤
∫
|un|≤δn |̃g (x,un)ϕ|

‖un‖m +
∫
|un|>δn |̃g (x,un)ϕ|

‖un‖m
≤ ε

2
+ ε

2
= ε, (6.42)

and the claim is thus proved.
Assume ̃un ⇀ u0 in H 1

m

(
R
N

)
. A standard argument shows that u0 is a weak solution of the 

following homogeneous problem:{ −�u+ V (x)u= a0u
− + b0u

+, x ∈ R
N,

u (x)→ 0, as |x| → +∞. (6.43)

Thanks to (a0, b0) /∈ �, we get u0 = 0. Observe that � (a0, b0) < σ0 alludes to (f2). Set 
d0 = max

t∈[0,1]
(�(at , bt )+ tβ). There is no harm supposing d0 > μ1 = infσ (A), s.t., σdis (A) ∩

[μ1, d0] = {λi}li=1, λ1 = μ1 = infσ (A) < λ2 < · · ·< λl .
It deduces from (6.37) that∫

RN

|∇ũn|2 + V (x) |̃un|2 ≤ (
�

(
atn, btn

) + tnβ
)‖ũn‖2

L2

≤ d0 ‖ũn‖2
L2 , (6.44)

i.e., ∫
RN

∣∣∇PNl ũn∣∣2 + V (x) (PNl ũn)2 +
∫
RN

∣∣∣∇PN⊥
l
ũn

∣∣∣2 + V (x)
(
PN⊥

l
ũn

)2

≤ d0
∥∥PNl ũn∥∥2

L2 + d0

∥∥∥PN⊥
l
ũn

∥∥∥2

L2
, (6.45)

yielding
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∥∥∥PN⊥
l
ũn

∥∥∥2

L2
≤ d0 −μ1

θl − d0

∥∥PNl ũn∥∥2
L2 . (6.46)

As ̃un ⇀ 0 in H 1
m

(
R
N

)
, we infer from (6.46) that

ũn → 0 in L2
(
R
N

)
, (6.47)

and hence by (6.44),

1 ≤ (d0 +m)‖ũn‖2
L2 → 0. (6.48)

A contradiction! Thus we get (6.36). In view of the hypotheses, J̃t satisfies the (PS) condition 
for ∀t ∈ [0,1]. Making use of Proposition 9.4, we arrive the conclusion. �
7. Four solutions theorem and some preliminaries on Morse theory

In this and next section we always assume that V (x) is a real K–R potential and also make 
the following hypotheses:
(V3) V ∈ CN−2,α

(
R
N

)
if N ≥ 3 and V ∈ C1

(
R
N

)
if N = 1, 2, 0 < α < 1;

(V4) λ1 = μ1 = infσ (A) < λ2 < · · ·< λl < σ0, σdis (A)∩ [μ1, σ0)= {λi}li=1;

(f3) Let f (x, s)= a0s
− + b0s

+ + g̃ (x, s), lim
s→0−

f (x,s)
s

= a0, lim
s→0+

f (x,s)
s

= b0, uniformly on 

x ∈ R
N , and g̃ (x, s) ∈ CN−2,α

(
R
N ×R,R

)
if N ≥ 3, and g̃ (x, s) ∈ C1

(
R
N ×R,R

)
if N =

1, 2;
(f4) λk < � (a, b)≤� (a, b) < θ̃k+1 = � (

μdk+1+1, σ0
)
, l > k ≥ 3;

(f5) � (a0, b0) < λ1;
(f6) f

′
s (x, s) >

f (x,s)
s
>−m, ∀s �= 0, a.e. on x ∈R

N , where m is given by Section 3.
Rewrite J by

J (u)= 1

2
‖u‖2

m − m
2

‖u‖2
L2 −

∫
RN

F (x,u) .

Let Am = −� + V +m, if m + λ1 > 0, then Am is a positive definite self-adjoint operator 
with D (Am)=H 2

(
R
N

)
. According to the spectral resolution of self-adjoint operator we have

Am =
+∞∫
0

λdEλ. (7.1)

Lemma 7.1. Suppose λ1 = infσ (A) < σ0. Under the hypothesis (V2), if u ∈ H 1
m, ‖u‖L2 = 1, 

then
(1) 〈u, v〉m = 〈(m+ λ1)u, v〉L2 iff 〈u,u〉m =m + λ1, for ∀v ∈H 1

m;
(2) The dimension of solution space E1 of the following linear equation

〈u,v〉m = 〈(m+ λ1)u, v〉L2 ,∀v ∈H 1 , (7.2)
m
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is 1, and so we can choose ψ1 > 0, the corresponding eigenvector of λ1, such that E1 = N1 =
span {ψ1}.

Proof. As H 1
m =H 1, decompose H 1

m =Nl⊕Ml . We just deal here with the “if” part since the 
“only if” part is trivial. Set u = v+w, ‖u‖L2 = 1, v ∈Nl , w ∈Ml . We claim that u ∈Nl . In fact, 
if w �= 0, then 〈Amv,w〉L2 = 0. Therefore, by using Lemma 2.11, we have

λ1 +m= 〈Amv,v〉L2 + 〈w,w〉m + 2 〈Amv,w〉L2

≥ (λ1 +m)‖v‖2
L2 + (σ0 +m)‖w‖2

L2 > λ1 +m. (7.3)

A paradox! A similar way shows u ∈ N1 if v ∈ N1, w ∈M1. The claim (1) is thus proved and 
(2) follows directly from Theorem XIII.48 of [33], ending the proof. �

It is clearly apparent that J /∈ C2
(
H 1
m,R

)
as f (x, s) has jumping nonlinearity at 0, so we 

need some preliminaries on Morse theory for this kind of functional.
In order to use Morse theory for jumping nonlinear problems, we present the following split-

ting theorem and shifting theorem and they were essentially given in [20] and [21].
Let X and Y be Banach spaces and U be a subset of X. Recall that F :U → Y is said to be a 

strictly Fréchet differentiable at x0 ∈U if there exists A ∈L (X,Y ) such that

lim
x1, x2→x0

‖F (x2)− F (x1)−A(x2 − x1)‖
‖x2 − x1‖ = 0. (7.4)

Compared to a splitting theorem yielded by [21], the following statement shows a little varia-
tion version but the proof is almost the same.

Proposition 7.2. (Splitting theorem) Let E be a Hilbert space, J ∈ C1 (E,R) and u0 ∈ E be an 
isolated critical point of J . Assume
(i) ∇J : E→ E is Lipschitz continuous, and ∇J (u) is strictly Fréchet differentiable at u0, 

and Ã= J ′′ (u0) is a Fredholm operator with index 0;
(ii) With N = ker Ã and N⊥E being the orthogonal complement of N in E, for ∀v ∈ N , 

there exists a dense subset Dv of N⊥E such that λw1 + (1 − λ)w2 ∈ Dv for a.e. λ ∈ [0,1], if 
w1, w2 ∈Dv . J ′′ (u0 + v+w) exists for ∀ (v,w) ∈ YN , and J ′′ (u0 + · + ·) : YN → L (E,E) is 
continuous, where YN = {(v,w) : v ∈N,w ∈Dv}. Then there exist a ball B (u0, δ) in E cen-
tered at u0 and with radius δ > 0, a u0-preserving local homeomorphism h from B (u0, δ) to 
h (B (u0, δ))⊂E and a Lipschitz continuous map g : B (u0, δ)∩N →N⊥E such that

J (h (u))= 1

2

〈
Ãw,w

〉 + J (u0 + v + g (v)) , (7.5)

u − u0 = v +w, v ∈N , w ∈N⊥E .

Proposition 7.3. (Shifting theorem) Under the hypotheses of Proposition 7.2, if there is an or-
thogonal decomposition N⊥E =W1

⊕
E W2, such that j = dimW1 <+∞ and

(i) P2J
′ (u0 + v +w1 + ·) :W2 →W2 is μ-monotone for all (v,w1) ∈N⊕

W1;
E
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(ii) −P1J
′ (u0 + v+ · +w2) :W1 →W1 is μ-monotone for all (v,w2) ∈ N⊕

E W2, where ⊕
E denotes decomposition into direct sum in E, and Pi : E →Wi is the projection onto Wi , 

i = 1, 2.
Denote J̃ (v)= J (u0 + v+ g (v)), then

Cq (J,u0)∼= Cq−j
(
J̃ ,0

)
. (7.6)

Lemma 7.4. Under the hypotheses (f1), (f3), then ∇J (u) :H 1
m →H 1

m is Lipschitz continuous.

Proof. We just need to verify that

A−1
m (f (x,u)) :H 1

m →H 1
m (7.7)

is Lipschitz continuous, i.e., there exists l > 0, s.t.∥∥∥A−1
m (f (x,u1)− f (x,u2))

∥∥∥
m

≤ l ‖u1 − u2‖m ,∀u1, u2 ∈H 1
m. (7.8)

(f1) indicates that ∃C > 0,

|f (x, s1)− f (x, s2)|<C |s1 − s2| ,∀s1, s2 ∈ R, x ∈R
N. (7.9)

Therefore, ∫
RN

|f (x,u1)− f (x,u2)|2 ≤ C2
∫
RN

|u1 − u2|2 . (7.10)

Notice that Am : L2 → L2 is a self-adjoint operator with D(Am)=H 2
(
R
N

)
, then T (Am)=∫ +∞

−∞ T (λ)dEλ is also a self-adjoint operator, where T : R1 → R
1 is any bounded Borel measur-

able function. Especially, A−1
m : L2 → L2 is self-adjoint.

In view of the definition, for ∀u ∈L2, A−1
m u ∈H 2 as infσ (Am) > 0. Hence,

∥∥∥A−1
m u

∥∥∥2

m
=

〈
A−1
m u,A

−1
m u

〉
m

=
∫
RN

∣∣∣∇A−1
m u

∣∣∣2 + (V +m)
(
A−1
m u

)2

=
∫
RN

AmA
−1
m u ·A−1

m u

=
〈
A−1
m u,u

〉
L2
. (7.11)

Set α0 = m + λ1. Observe that for ∀λ ∈ σ (Am), α0 ≤ λ < +∞ ⇒ 0 < 1
λ

≤ 1
α0

. Set μ = 1
λ

, 

then σ
(
A−1
m

) ⊂
[
0, 1

]
. Due to the fact A−1

m u =
∫ +∞

μdEμu, we have

α0 −∞
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〈
A−1
m u,u

〉
L2

=
+∞∫

−∞
μd

〈
Eμu,u

〉
L2

=
1
α0∫

0

μd
〈
Eμu,u

〉
L2

≤ 1

α0
‖u‖2

L2 . (7.12)

(7.11) along with (7.12) yields

∥∥∥A−1
m u

∥∥∥
m

≤ α− 1
2

0 ‖u‖L2 . (7.13)

(7.13) implies that A−1
m : L2 →H 1

m is a bounded linear operator. The combination of (7.10)
and (7.13) derives ∥∥∥A−1

m (f (x,u1)− f (x,u2))

∥∥∥
m

≤ α− 1
2

0 ‖f (x,u1)− f (x,u2)‖L2

≤ Cα− 1
2

0 ‖u1 − u2‖L2 ≤ Cα−1
0 ‖u1 − u2‖m . (7.14)

The proof is complete. �
Define

D0

(
R
N

)
=

{
u ∈ CN

(
R
N

)
: |u (x)| + |∇u (x)| �= 0, u (x)→ 0 as |x| → +∞

}
;

D1

(
R
N

)
=

{
u ∈ CN

(
R
N

)
: mes

{
x ∈R

N ;u (x)= 0
}

= 0
}

;

D
(
R
N

)
=

{
u ∈H 1

m

(
R
N

)
: mes

{
x ∈ R

N ;u (x)= 0
}

= 0
}
.

Lemma 7.5. Suppose (V3), (V4), (f1), (f3) hold, then
(1) for any solution u0 of (1.1), u0 ∈D (

R
N

)
;

(2) ∇J (̃u) is strictly Fréchet differentiable in H 1
m for ∀ũ ∈D (

R
N

)
and J ′′ (̃u) is a bounded 

operator from H 1
m into H 1

m;
(3) J ′′ (u0) is a Fredholm operator with index zero.

Proof. Replace

−�u0 + V (x)u0 = f (x,u0) , (7.15)

with
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−�u0 + Ṽ (x)u0 = 0, (7.16)

where

Ṽ (x)=
{

V (x) , x ∈ R
N,u0 (x)= 0,

V (x)− f (x,u0(x))
u0(x)

, x ∈R
N,u0 (x) �= 0.

(7.17)

As Ṽ (x) ∈ L
N
2
loc

(
R
N

)
, by the unique continuation property of solutions of Schrödinger equa-

tion (see [15], [17], [18], [30]), we get u0 ∈D (
R
N

)
.

Let I± (u)= u±, u ∈H 1
m, for any ̃u ∈D (

R
N

)
, define

A±
ũ u (x)=

{
u (x) , x ∈RN± (̃u) ,

0, x ∈RN∓ (̃u)∪RN0 (̃u) ,
(7.18)

where

RN+ (̃u)=
{
x ∈R

N : ũ (x) > 0
}

;

RN− (̃u)=
{
x ∈R

N : ũ (x) < 0
}

;

RN0 (̃u)=
{
x ∈R

N : ũ (x)= 0
}
.

It is easy to check that A±
ũ ∈ L 

(
H 1
m,L

q
(
R
N

))
, ∀q ∈ (1,2∗), where L (X,Y ) denotes the space 

of all bounded linear operators from Banach space X into Banach space Y .
First, we show that 

(
I±)′ :D (

R
N

) → L 
(
H 1
m,L

q
(
R
N

))
, ∀q ∈ (1,2∗), and the Fréchet deriva-

tive 
(
I±)′

(̃u)=A±
ũ . For u ∈H 1

m, denoting

E (u, ũ)=
(
RN− (̃u+ u)∩RN+ (̃u)

)
∪

(
RN+ (̃u+ u)∩RN− (̃u)

)
. (7.19)

If mes (E (u, ũ)) <+∞, then∥∥(̃u+ u)± − ũ± −A±
ũ u

∥∥
Lq

=
⎛⎜⎝ ∫
E(u,̃u)

|̃u+ u|q
⎞⎟⎠

1
q

≤
⎛⎜⎝ ∫
E(u,̃u)

|u|q
⎞⎟⎠

1
q

≤ (mes (E (u, ũ)))
1
q
− 1

2∗ ‖u‖L2∗ ≤ C ‖u‖m . (7.20)

It suffices to verify that
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mes (E (u, ũ))→ 0 as ‖u‖m → 0. (7.21)

As a matter of fact, notice that

lim
n→+∞ mes

{
x ∈ R

N : 0< ũ (x)≤ 1

n

}
= 0, (7.22)

hence, ∀ε > 0, ∃N ∈ N, ∀n ≥N ,

mes

{
x ∈R

N : 0< ũ (x)≤ 1

n

}
<
ε

2
. (7.23)

For fixed n0 ∈N, n0 ≥N ,

mes

(
RN− (̃u+ u)∩RN+

(
ũ− 1

n0

))
=

∫
RN− (̃u+u)∩RN+

(
ũ− 1

n0

) 1

≤ n2∗
0

∫
RN− (̃u+u)∩RN+

(
ũ− 1

n0

) |u|2∗

≤ Cn2∗
0 ‖u‖2∗

m , (7.24)

indicating that ∃δ = (
ε

2C

) 1
2∗ n−1

0 > 0, if ‖u‖m ≤ δ, then

mes

(
RN− (̃u+ u)∩RN+

(
ũ− 1

n0

))
≤ ε

2
. (7.25)

Consequently, combining (7.23) and (7.25),

mes
(
RN− (̃u+ u)∩RN+ (̃u)

)
≤ mes

(
RN− (̃u+ u)∩RN+

(
ũ− 1

n0

))
+mes

(
RN− (̃u+ u)∩

{
x ∈ R

N : 0< ũ (x)≤ 1

n0

})
≤ ε

2
+ ε

2
= ε. (7.26)

Proceeding along the same lines, we have

mes
(
RN+ (̃u+ u)∩RN− (̃u)

)
→ 0 as ‖u‖m → 0. (7.27)

Therefore, (7.21) is valid and 
(
I±)′

(̃u)=A± for ̃u ∈D (
R
N

)
.
ũ
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For ̃u, ̃u+ u ∈D (
R
N

)
, ∥∥A±

ũ+u −A±
ũ

∥∥
L
(
L2∗
,L2

)
= sup

‖v‖2∗=1

∥∥(
A±
ũ+u −A±

ũ

)
v
∥∥
L2

= sup
‖v‖2∗=1

⎛⎜⎝ ∫
E(u,̃u)

|v|2
⎞⎟⎠

1
2

≤ (mesE (u, ũ))
1
2 − 1

2∗ , (7.28)

yielding A±
ũ ∈ L 

(
H 1
m,L

2
)
. The combination of (7.20) and (7.21) obtains

J ′′ (̃u)= id −A−1
m

(
aA−

ũ + bA+
ũ + g′

s (x, ũ)+m
)
. (7.29)

This together with (7.13) and aA−
ũ + bA+

ũ + g′
s (x, ũ) + m ∈ L 

(
H 1
m,L

2
)

shows that J ′′ (̃u) :
H 1
m →H 1

m is a bounded operator. That’s the precise statement (2).
Observe that (f1) + (f3)⇒ σ0 > � (a, b)+ β > f ′

s (x, s) for ∀s ∈ R\ {0}, a.e. on x ∈ R
N . 

Using (V4), (f1), (f3), it follows that if u0 is a solution of (1.1), for ∀v ∈H 2,〈(−�+ V − f ′
s (x, u0)

)
v, v

〉
L2 ≥ 〈(−�+ V −�(a,b)− β)v, v〉L2 , (7.30)

then by Proposition 2.7

infσess
(
AmJ

′′ (u0)
) ≥ infσess (A0)= σ0 −�(a,b)− β, (7.31)

dropping hints that σess
(
AmJ

′′ (u0)
) ⊂ [

σ0 −�(a,b)− β,+∞) and thus m (u0) + N (u0) <

+∞, where A0 = −� +V −� (a, b)−β , m (u0) denotes Morse index of J at u0 and N (u0)=
dim kerJ ′′ (u0). Since J ′′ (u0) is self-adjoint, it concludes claim (3) and the lemma is proved. �

In what follows, we set E =H 1
m. Now we present a crucial consequence stated as follows:

Lemma 7.6. Let u0 be a solution of (1.1), Ã= J ′′ (u0), N = ker Ã, E =N⊕
E N

⊥E . Under the 
hypotheses of Lemma 7.5, then
(1) For any v ∈N , there exists a dense subset Dv of N⊥E such that λw1 + (1 − λ)w2 ∈Dv

for a.e. λ ∈ [0,1], if w1, w2 ∈Dv;
(2) J ′′ (u0 + v +w) exists for any v ∈N and w ∈Dv;
(3) J ′′ (u0 + v +w) : YN →L (E,E) is continuous, YN = {(v,w) : v ∈N,w ∈Dv}.

Proof. Define

W =
{
w ∈CN

(
R
N

)
∩E : 〈w,v〉m = 0,∀v ∈N

}
;

Dv =
{
w ∈W : mes

{
x ∈R

N : u0 (x)+ v (x)+w (x)= 0
}

= 0
}
.
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We claim that λw1 + (1 − λ)w2 ∈ Dv for a.e. λ ∈ [0,1] if w1, w2 ∈ Dv . Denote B ={
x ∈R

N : u0 (x) �= 0, u0 (x)+ v (x)+w2 (x) �= 0
}
. By (V3), (f3) and regularity of solutions for 

Schrödinger equation (see [22]) we get u0 ∈CN (B). As w2 ∈Dv , in view of the definition of B , 
we have mes

(
R
N\B) = 0. Notice that u0 (x)+ v (x)+w1 (x) ∈ CN (B), by Sard theorem, for 

a.e. μ ∈ R if u0(x)+v(x)+w1(x)
u0(x)+v(x)+w2(x)

= μ at some x ∈ B , then

0 �= (u0 (x)+ v (x)+w2 (x)) · ∇
(
u0 (x)+ v (x)+w1 (x)

u0 (x)+ v (x)+w2 (x)

)
= ∇ (u0 (x)+ v (x)+w1 (x))

−u0 (x)+ v (x)+w1 (x)

u0 (x)+ v (x)+w2 (x)
· ∇ (u0 (x)+ v (x)+w2 (x))

= ∇F (x) , (7.32)

and this shows mes {x ∈ B : F (x)= 0} = 0, where

F (x)= u0 (x)+ v (x)+w1 (x)−μ(u0 (x)+ v (x)+w2 (x)) .

Let Dv (B) = {w ∈W : mes {x ∈ B : u0 (x)+ v (x)+w (x)= 0} = 0}. Take μ = λ−1
λ

, then 
we get

λ (u0 (x)+ v (x)+w1 (x))+ (1 − λ) (u0 (x)+ v (x)+w2 (x))

= u0 (x)+ v (x)+ λw1 (x)+ (1 − λ)w2 (x) , (7.33)

and λw1 (x)+ (1 − λ)w2 (x) ∈Dv (B). Since mes
(
R
N\B) = 0, claim (1) is verified. In view of 

the definition of Dv , we arrive at conclusion (2) via Lemma 7.5.
For fixed v0 ∈ N , w0 ∈Dv0 , due to the facts that E ↪→ L2∗

and A−1
m ∈ L 

(
L2,E

)
, by (7.28)

we get ∥∥∥A−1
m

(
A±
u0+v+w −A±

u0+v0+w0

)∥∥∥
L(E,E)

→ 0 (7.34)

as v → v0, w→ w0, v ∈ N , w ∈ Dv . Consequently (7.34) derives assertion (3). The proof is 
complete. �
Lemma 7.7. Suppose that u0 is a solution of (1.1) and m (u0) = 0. Under the hypotheses of 
Lemma 7.5, if λ = 1 is an eigenvalue of the following weighted eigenequation{

(−�+ V +m)ϕ = λ (
f ′
s (x, u0)+m

)
ϕ, x ∈R

N,

ϕ (x)→ 0, |x| → +∞, (7.35)

then 1 is the first eigenvalue of (7.35) and dimE1 (u0) = 1, where E1 (u0) is the eigenspace 
corresponding to λ = 1.

Proof. By Lemma 7.5 we have u0 ∈D (
R
N

)
, and combining this with (f1) and (f3), f ′

s (x, u0) ∈
L∞ (

R
N

)
, indicating that V ∗ is a K–R potential, V ∗ (x) = V (x) − f ′

s (x, u0). Based on the 
hypothesis, it admits of no doubt that η= 0 is the first eigenvalue of the following linear problem
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{
(−�+ V ∗)ϕ = ηϕ, x ∈ R

N,

ϕ (x)→ 0, |x| → +∞, (7.36)

and invoking Lemma 7.1 the assertion follows. �
Lemma 7.8. Suppose that u0 is a mountain-pass type solution of (1.1). Under the hypotheses of 
Lemma 7.5, then

Cq (J,u0)∼= δq1G. (7.37)

Proof. By Lemma 7.4, Lemma 7.5 and Lemma 7.6, we get Proposition 7.3 and m (u0) <+∞. 
Set j =m (u0). Consequently,

Cq (J,u0)∼= Cq−j
(
J̃ , u0

)
. (7.38)

J̃ (v)= J (u0 + v + g (v)). If j = 1, C0
(
J̃ , u0

) �= 0, indicating that 0 is a local minimizer of J̃
and thus we yield (7.37) by (7.38). If j = 0, as C1

(
J̃ , u0

) �= 0, it deduces from Lemma 7.7 that 
N (u0)= 1 and then 0 is a local maximizer of J̃ . Again by (7.38) we also derive (7.37), ending 
the proof. �
8. Proof of Theorem 1.1

8.1. A weak maximum principle for RN

We first recall some concepts and classical results. Consider the elliptic operator L of the 
form

Lu= −Di
(
aij (x)Dju+ bi (x)u

)
+ ci (x)Diu+ d (x)u, aij = aji, (8.1)

and coefficients aij , bi , ci , d (i, j = 1, · · · , N ) are assumed to be measurable functions on 
a domain � ⊂ R

N . If u is weakly differentiable, and aijDju + biu, ciDiu + du are locally 
integrable, then, in a weak or generalized sense, u is said to satisfy Lu = 0 (≥ 0, ≤ 0) respectively 
in �, i.e.,

 (u,v)=
∫
�

[
−Di

(
aijDju+ biu

)
v+

(
ciDiu+ du

)
v
]
dx = 0, (≥ 0,≤ 0) (8.2)

for ∀v ∈ C1
0 (�), v ≥ 0 on � (see [14]).

Proposition 8.1. (see [14]) Let u ∈W 1,2 (�) satisfy Lu ≥ 0 in �. Then

inf
x∈�u≥ inf

x∈∂�u
−. (8.3)

From Proposition 8.1 we derive the following fact:

Lemma 8.2. Let u ∈H 1
(
R
N

)
satisfy Lu ≥ 0 in RN . Then u ≥ 0 on RN .
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Proof. Suppose to contrary that ∃x0 ∈ R
N , u (x0) < 0. Set α = −u (x0). Pick R > 0, � =

B (0,R), x0 ∈�. By Proposition 8.1,

inf
x∈∂�u

− ≤ −α, (8.4)

which implies that for ε= α
2 , ∃x∗ ∈ ∂�,

u
(
x∗) ≤ −α+ α

2
= −α

2
. (8.5)

Choose Rn → +∞, then ∃x∗
n ∈ ∂�n,

u
(
x∗
n

) ≤ −α
2
, (8.6)

�n = B (0,Rn). However, this contradicts u 
(
x∗
n

) → 0 since u ∈H 1
(
R
N

)
. �

8.2. Hilbert–Riemann manifold N

Let

N = {
u ∈E\ {0} : 〈J ′ (u) ,u

〉
m

= 0
} ;

S1 = {
û ∈E : ‖û‖m = 1

} ;

Ŝ =
{
û ∈ S1 : û= u

‖u‖m ,u ∈ N

}
.

Lemma 8.3. Under the hypotheses (f3), (f5), (f6),
(1) Ŝ is an open set in S1;
(2) N is a Hilbert–Riemann manifold without boundary.

Proof. We first claim that for each û ∈ Ŝ there exists a unique t (̂u) > 0 such that t (̂u) û ∈ N, 
and t (̂u) û : Ŝ→ N is a differentiable homeomorphism. Notice that for u ∈N , set u = t û, t > 0, 
û ∈ S1, then we have ∫

RN

|∇û|2 + (V +m) û2 = 1

t

∫
RN

gm (x, tû) û, (8.7)

gm (x,u) = f (x,u)+mu. By (f6), the right hand side of (8.7) is an increasing function of t . 
Therefore there exists a unique t∗ > 0 such that t∗û ∈ N. Let h (t, û)= 〈

J ′ (t û) , t û
〉
m

. We show 
that h′

t (t, û) < 0 if h (t, û)= 0. Clearly, h (t, û)= 0 if and only if (8.7) follows. Again by (f6)

we obtain that if t solves (8.7) then

h′
t (t, û)= 2t −

∫
RN

(
f ′
s (x, tû) t û

2 + 2mtû2
)

−
∫
RN

f (x, tû) û < 0. (8.8)

This indicates that for each ̂u ∈ Ŝ,
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sup
t∈[0,+∞)

J (tû)= J (t (̂u) û) <+∞. (8.9)

For ∀û0 ∈ Ŝ, by (8.8) and IFT (implicit function theorem), there exist r , r1 > 0 and unique 
t (̂u) ∈ C1

(
B (̂u0, r)∩ Ŝ,B (t0, r1)

)
such that t (̂u) û ∈ N and h′

t (t (̂u) , û) < 0, where t0 = t (̂u0), 
B (t0, r1) = (t0 − r1, t0 + r1). Observe that t (̂u) û is a diffeomorphism from B (̂u0, r) ∩ Ŝ to 
Nu0 = {

u= t (̂u) û ∈ N : û ∈ B (̂u0, r)∩ Ŝ
}
, so Ŝ is an open set in S1. It is easy to see that 

J (t (̂un) ûn)→ +∞ as ûn → û ∈ ∂Ŝ, where Ŝ is a closure of Ŝ in S1. Since Ŝ is a C1 man-
ifold, N is also a C1 manifold. Combining h′

t (t (̂u) , û) < 0 and IFT we know that ∂N =∅. As a 
submanifold of E with its canonical metric, N inherits a Riemann structure and consequently N
is a H–R (Hilbert–Riemann) manifold. �
8.3. Brezis–Martin theorem and separability of +P ∩ N with −P ∩ N

Define +P = {u ∈E : u≥ 0} and −P = {u ∈E : u≤ 0}. The following local existence and 
uniqueness result have a positive effect on proving the invariant property of ±P under the nega-
tive gradient flow of J (see [6], [8] and [28]).

Proposition 8.4. (Brezis–Martin) Let A be an open subset of a Banach space X, and let B ⊂A
be closed in A. If Ṽ :A →X is a locally Lipschitz mapping, then for ∀u ∈B , ∃r > 0 and η (t, u), 
satisfying { ·

η (t, u)= Ṽ (η (t, u)) , ∀t ∈ [0, r) ,
η (0, u)= u ∈ B, η (t, u) ∈ B, (8.10)

if and only if

lim
h↘0

h−1d
(
u+ hṼ (u) ,B) = 0. (8.11)

Lemma 8.5. (Invariant property of ±P ) Under the assumptions (f1), (f3), (f6), ±P are invari-
ant sets under the negative gradient flow η (t, u) of J , i.e., η (t, u) ∈ ±P , ∀u ∈ ±P , t ≥ 0.

Proof. Let η (t, u) be the negative gradient flow of J given by{
dη(t,u)
dt

= −∇J (η (t, u)) ,
η (0, u)= u. (8.12)

By (f1), (f3) and Lemma 7.4, the maximal interval of existence of η (t, u) is [0,+∞). Take 
A =E, B = +P , Ṽ = −∇J , r = +∞ in Proposition 8.4. We now show

lim
h↘0

h−1d (u− h∇J (u) ,+P)= 0. (8.13)

Notice that

inf ‖u− h∇J (u)− v‖m ≤ ∥∥(u− h∇J (u))−∥∥
m
, (8.14)
v∈+P
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invoking Lemma 8.2 and (f6),

A−1
m gm (x,u)≥ 0,∀u ∈ +P, (8.15)

and hence

lim
h↘0

h−1d (u− h∇J (u) ,+P)

≤ lim
h↘0

∥∥∥h−1 (u− h∇J (u))−
∥∥∥
m

=
∥∥∥∥ lim
h↘0

[
h−1u− u+A−1

m gm (x,u)
]−∥∥∥∥

m

= 0. (8.16)

Proceeding along the same lines, we have

lim
h↘0

h−1d (u− h∇J (u) ,−P)= 0. (8.17)

The assertion follows. �
Recall that if M is a H–R manifold in Hilbert space X and � (u, v) denotes the family of all 

piecewise smooth curves connected u, v in M , then we define

dM (u, v)= inf
σ∈�(u,v)

b∫
a

∥∥∥ ·
σ (τ)

∥∥∥dτ, (8.18)

where σ (a)= u, σ (b)= v, ∀σ ∈� (u, v).

Remark 8.6. Palais [31] (see also [8]) showed that dM is a metric on M and the reduced topology 
is equivalent to the topology on the manifold.

Theorem 8.7. (Separation theorem) Under the hypotheses (f3)–(f6), there exists a δ0 > 0 such 
that if δ ∈ (0, δ0), then
(i)

(
(+P)δ ∩ N

) ∩ (
(−P)δ ∩ N

) =∅;
(ii) η (t, u) ∈ (

(±P)δ)◦
as u ∈ (±P)δ , ∀t ∈ (0,+∞).

Proof. First it is easy to see that (+P ∩ N) ∩ (−P ∩ N) = ∅. Otherwise, ∃u ∈ (+P ∩ N) ∩
(−P ∩ N), and this implies that u = 0, contradicting u ∈ N. By way of negation, ∃δn → 0, 
un ∈ N, s.t. un ∈ (

(+P)δn ∩ N
) ∩ (

(−P)δn ∩ N
)
.

Note that

inf
w∈+P ‖u−w‖L2 = ∥∥u−∥∥

L2 (8.19)

and

inf ‖un −w‖L2 ≤ C inf ‖un −w‖m ≤ Cδn, (8.20)

w∈+P w∈+P
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thereby,

u−
n → 0 in L2

(
R
N

)
. (8.21)

An analogous argument yields

u+
n → 0 in L2

(
R
N

)
. (8.22)

This together with (8.21) shows

un → 0 in L2
(
R
N

)
. (8.23)

Notice that

‖un‖2
m =

∫
RN

gm (x,un)un ≤ C1 ‖un‖2 . (8.24)

Hence by (8.23),

‖un‖m → 0. (8.25)

We now claim that

inf
u∈N

‖u‖m > 0. (8.26)

In view of the hypotheses (f3) and (f4), for fixed p ∈ (2,2∗), ̃g (x, s)= o (|s|p−1) as s→ ∞, 
uniformly on x ∈R

N , and therefore for ∀ε > 0, ∃C (ε) > 0, s.t.

|̃g (x, s)| ≤ ε |s| +C (ε) |s|p−1 ,∀ (x, s) ∈ R
N ×R. (8.27)

Suppose to the contrary that ∃u∗
n ∈ N, 

∥∥u∗
n

∥∥
m

→ 0. Set u∗
n = tnûn, tn > 0, tn → 0, ‖ûn‖m = 1. 

By (f5), we can pick ε > 0 small sufficiently such that � (a0, b0)+ ε < λ1. Consequently,

1 =
∫
RN

|∇ûn|2 + (V +m) û2
n

≤
∫
RN

(
a0

∣∣̂u−
n

∣∣2 + b0
∣∣̂u+
n

∣∣2
)

+ (ε+m)
∫
RN

|̂un|2 + tp−2
n C (ε)

∫
RN

|̂un|p

≤ (�(a0, b0)+ ε+m)
∫
RN

|̂un|2 + tp−2
n C (ε)

∫
RN

|̂un|p

<
�(a0, b0)+ ε+m

λ1 +m + tp−2
n C (ε)

∫
N

|̂un|p , (8.28)
R
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yielding a contradiction

1 − �(a0, b0)+ ε+m
λ1 +m < t

p−2
n C (ε)

∫
RN

|̂un|p → 0. (8.29)

The claim is thus proved, conflicting with (8.25). That’s the precise statement (i).
(8.27) shows that ∃ρ > 0, for fixed q ∈ (2,2∗), ∃K > 0, s.t.

|gm (x, s)| ≤ (λ1 +m− ρ) |s| +K |s|q−1 ,∀ (x, s) ∈ R
N ×R, (8.30)

and using (f6) we get gm (x, s) s > 0, ∀s �= 0, a.e. on x ∈ R
N .

Notice that for any u ∈ (+P)δ and v =A−1
m gm (x,u),

inf
w∈+P ‖v−w‖m · ∥∥v−∥∥

m

≤ ∥∥v−∥∥2
m

= 〈
v, v−〉

m

=
∫
RN

gm (x,u) v
− ≤

∫
RN

gm
(
x,u−)

v−

≤ (λ1 +m− ρ)∥∥u−∥∥
L2 · ∥∥v−∥∥

L2 +K ∥∥u−∥∥q−1
Lq

· ∥∥v−∥∥
Lq

= (λ1 +m− ρ) inf
w∈+P ‖u−w‖L2 · ∥∥v−∥∥

L2

+K inf
w∈+P ‖u−w‖q−1

Lq · ∥∥v−∥∥
Lq

≤ λ1 +m− ρ
λ1 +m inf

w∈+P ‖u−w‖m · ∥∥v−∥∥
m

+K̃ inf
w∈+P ‖u−w‖q−1

m · ∥∥v−∥∥
m

≤
(
λ1 +m− ρ
λ1 +m + K̃δq−2

)
· inf
w∈+P ‖u−w‖m · ∥∥v−∥∥

m
. (8.31)

In virtue of (8.31), it follows that for δ > 0 sufficiently small, ∃β ∈ (0,1), s.t.

inf
w∈+P ‖v−w‖m ≤ β · inf

w∈+P ‖u−w‖m ≤ βδ, (8.32)

i.e.,

v ⊂ (+P)βδ ⊂ (
(+P)δ)◦

as u ∈ (+P)δ . (8.33)

Similarly we have

v ⊂ (−P)βδ ⊂ (
(−P)δ)◦

as u ∈ (−P)δ . (8.34)

Hence, ∃wu, wv ∈ +P ,
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‖u−wu‖m = inf
w∈+P ‖u−w‖m ≤ δ, (8.35)

‖v−wv‖m = inf
w∈+P ‖v −w‖m ≤ δ, (8.36)

therefore,

inf
w∈+P

∥∥u− hJ ′ (u)−w∥∥
m

= inf
v∈+P ‖(1 − h)u+ hv −w‖m

≤ (1 − h)‖u−wu‖m + h‖v −wv‖m ≤ δ, (8.37)

yielding

inf
w∈(+P)δ

∥∥u− hJ ′ (u)−w∥∥
m

= 0. (8.38)

Likewise, we have

inf
w∈(−P)δ

∥∥u− hJ ′ (u)−w∥∥
m

= 0. (8.39)

By Proposition 8.4 we consequently verified (ii). The proof of Theorem 8.7 is complete. �
Lemma 8.8. Under the assumptions (V2)–(V4), (f1), (f3)–(f6), if (a, b) /∈ � (A), then J has 
at least two nontrivial critical points u1 ∈ +P ∩ N, u2 ∈ −P ∩ N. Moreover, if KJ ∩ (+P)δ =
{0, u1}, KJ ∩ (−P)δ = {0, u2}, then Cq (J,ui) ∼= δq1G, i = 1, 2, where Cq (J,ui) denotes the 
q-th critical group, with coefficient group G of J at ui .

Proof. For ∀ϕ ∈ (
(+P)δ)◦ ∩ N, define

�+,ϕ,δ =
{
h(t) : h ∈C

(
[0,1] ,

(
(+P)δ)◦)

, with h(0)= 0, h (1)= cϕ̂,
where ϕ̂ = ϕ

‖ϕ‖ , c > t (ϕ̂) > 0 such that J (cϕ̂) < 0,

}

and for ∀ϕ ∈ (
(−P)δ)◦ ∩ N, denote

�−,ϕ,δ =
{
h(t) : h ∈C

(
[0,1] ,

(
(−P)δ)◦)

, with h(0)= 0, h (1)= cϕ̂,
where ϕ̂ = ϕ

‖ϕ‖ , c > t (ϕ̂) > 0 such that J (cϕ̂) < 0.

}

By (f5), 0 is a local minimizer of J and there exist ρ, r > 0 such that

inf
u∈∂B(0,r) J (u)≥ ρ. (8.40)

In view of Theorem 8.7, a standard argument shows that

C1,ϕ,δ = inf
h(t)∈�+,ϕ,δ

sup J (u)≥ ρ (8.41)

u∈h(t)
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is a critical value of J and the corresponding critical point u1,ϕ,δ ∈ (
(+P)δ)◦

. Since δ is arbitrary, 
there exists u1,ϕ ∈ +P ∩ N. This follows directly from step three of the proof of Theorem 3.4, 
and thus u1,ϕ,δ has a convergent subsequence as δ→ 0.

Set

C1 = inf
ϕ∈(
(+P)δ)◦∩N

J
(
u1,ϕ

)
. (8.42)

Then by Theorem 3.4 there exists u1 ∈ +P ∩ N, J (u1)= C1 > 0, J ′ (u1)= 0.
Similarly, for ∀ϕ ∈ (

(−P)δ)◦ ∩ N,

C2,ϕ,δ = inf
h(t)∈�−,ϕ,δ

sup
u∈h(t)

J (u) (8.43)

is a critical value of J and ∃u2,ϕ ∈ −P ∩KJ \ {0}. Take

C2 = inf
ϕ∈(
(−P)δ)◦∩N

J
(
u2,ϕ

)
, (8.44)

and thus ∃u2 ∈ −P ∩ N, J (u2)= C2 > 0, J ′ (u2)= 0.
We now claim that if u1 is the unique critical point of J in +P , then
(i)

(
(+P)δ)◦ ∩ JC1\ {u1} is not path-connected;

(ii)
(
(+P)δ)◦ ∩ JC1 is path-connected.

Otherwise, if 
(
(+P)δ)◦ ∩ JC1\ {u1} is path-connected, then due to the facts that û1 ∈ Ŝ and 

Ŝ is an open set in S1, we can take v1, v2 such that ̂v1, ̂v2 ∈ Ŝ, t (̂v1) ≥ ‖v1‖m, t (̂v2) ≤ ‖v2‖m, 
and there exist r1 > 0, and a path r (s) ∈ (

(+P)δ)◦
for ∀s ∈ [0,1], with r (0) = v1, r (1) = v2, 

inf
s∈[0,1]

‖u1 − r (s)‖m > r1, sup
s∈[0,1]

J (r (s))≤ C1.

Let

r̃ (τ )=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
3τv1, τ ∈

[
0, 1

3

]
,

r
(

3
(
τ − 1

3

))
, τ ∈

[
1
3 ,

2
3

]
,

3 (1 − τ) v2 + 3
(
τ − 2

3

)
cv̂2, τ ∈

[
2
3 ,1

]
,

where v̂i = vi‖vi‖m , c > t (̂v2) such that J (cv̂2) < 0. It is evident that r̃ (τ ) ∈ �+,t (̂v2 )̂v2,δ , 
sup
τ∈[0,1]

J (̃r (τ ))≤ C1. Employing quantitative deformation lemma (see [41]), we can find ε > 0, 

a flow ξ (t, u) : [0,1] ×E→E, s.t.

‖ξ (t, u)− u‖m <
r1

2
,∀u ∈ (

(+P)δ)◦
, (8.45)

ξ (1, r̃ (τ )) ∈ �+,t (̂v2 )̂v2,δ, τ ∈ [0,1] , (8.46)

ξ (1, r̃ (τ ))⊂ JC1−ε ∩ (
(+P)δ)◦

, τ ∈ [0,1] . (8.47)

Combining (8.45), (8.46) and (8.47) we derive an expected contradiction
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C1 − ε > sup
τ∈[0,1]

J (ξ (1, r̃ (τ )))≥C1,v2,δ ≥ C1, (8.48)

concluding the proof of (i).
Next, for any v1, v2 ∈ (

(+P)δ)◦ ∩ JC1 , we intend to indicate that there exists a path r con-
necting v1 and v2, s.t.

r (s) ∈ (
(+P)δ)◦

,∀s ∈ [0,1] , (8.49)

sup
s∈[0,1]

J (r (s))≤ C1. (8.50)

As a matter of fact, we can define

r1 (s)=

⎧⎪⎨⎪⎩
2
(

1
2 − s

)
v1, s ∈

[
0, 1

2

]
,

2
(
s − 1

2

)
v2, s ∈

[
1
2 ,1

]
.

By second deformation lemma there exists ζ (t, u) : [0,1] × (+P)δ → JC1 ∩ (+P)δ such that 
JC1 ∩ (+P)δ is a strong deformation retract of (+P)δ . Take r (s) = ζ (1, r1 (s)). It is easy to 
check that r (0)= v1, r (1)= v2, and (8.49), (8.50) follow.

Consider the following exact sequence

· · · →H1

(
JC1 ∩ (

(+P)δ)◦
, JC1 ∩ (

(+P)δ)◦ \ {u1}
)

∂→H0

(
JC1 ∩ (

(+P)δ)◦ \ {u1}
)
i∗→H0

(
JC1 ∩ (

(+P)δ)◦)
j∗→H0

(
JC1 ∩ (

(+P)δ)◦
, JC1 ∩ (

(+P)δ)◦ \ {u1}
)

→ ·· · , (8.51)

where

i : JC1 ∩ (
(+P)δ)◦ \ {u1} → JC1 ∩ (

(+P)δ)◦

and

j : JC1 ∩ (
(+P)δ)◦ →

(
JC1 ∩ (

(+P)δ)◦
, JC1 ∩ (

(+P)δ)◦ \ {u1}
)

are the inclusions, and ∂ is the boundary operator.
Set X = JC1 ∩ (

(+P)δ)◦
, Y = JC1 ∩ (

(+P)δ)◦ \ {u1}. Notice that ∃r > 0 small suitably, s.t. 
Bm (0, r)⊂ Y ◦. By using the excision property

C0 (J,u1)∼=H0 (X\Bm (0, r) , Y\Bm (0, r))∼=H0 (X,Y )∼= 0. (8.52)

As

H0

(
JC1 ∩ (

(+P)δ)◦) ∼=G, (8.53)
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and

rankH0

(
JC1 ∩ (

(+P)δ)◦ \ {u1}
)

≥ 2, (8.54)

(8.51) yields

C1 (J,u1)∼=H1 (X,Y ) �= 0. (8.55)

Along the same lines, if u2 is the unique critical point of J in −P \ {0}, then we have

C1 (J,u2) �= 0, (8.56)

and in terms of Lemma 7.8, we conclude the proof. �
8.4. The proof of Theorem 1.1

So far we have got a positive solution u1 and a negative solution u2 in terms of Lemma 8.8. 
To find a sign-changing solution u3, it is necessary for us to use the method based on the work 
of [26] and [25]. Let η (t, u) be the negative gradient flow given by (8.12) and consider

O± = {
u ∈E : η (t, u) ∈ (±P)δ for some t ∈ (0,+∞) } ;

O =O+ ∩O−,

then O , O+, O− are the open neighborhoods of 0, +P , −P respectively.
In view of [26], (f4) yields

∂O ∩ P �=∅, ∂O ∩ (−P) �=∅, ∂O\ (O+ ∪O−) �=∅. (8.57)

Hence one can find a critical point u3 in ∂O\ (O+ ∪O−), and of course it is a sign-changing 
solution of (1.1).

Without loss of generality, suppose (a, b) is below C(1)k+1. Assume that (1.1) has only three 
nontrivial solutions u1, u2 and u3, we will be devoted to showing

J (u3) > �(J (u1) , J (u2)) . (8.58)

Suppose to the contrary. Clearly, inf
u∈N
J (u) > 0 ⇒ inf

u∈KJ \{0}J (u) > 0. On account of the 

hypotheses of Theorem 1.1, invoking Theorem 6.2, Cq (J,∞) ∼= δqdkG. Therefore, by the fol-
lowing exact sequence

· · · →Hq+1 (E)
j∗→Hq+1

(
E,J−ε) ∂→Hq

(
J−ε) i∗→Hq (E)→ ·· · , (8.59)

we get

Hq
(
J−ε) ∼=Hq+1

(
E,J−ε) = Cq+1 (J,∞)∼= δq+1dkG,q ≥ 1. (8.60)

Set C1 = J (u1), C2 = J (u2). Take ε > 0 suitably small, s.t. KJ ∩ J ε = {0}. As Cq (J,0)∼=
δq0G, it follows that
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Hq
(
J ε

) ∼=Hq
(
J−ε) ∼= δq+1dkG,q ≥ 1. (8.61)

Without loss of generality, C1 ≤ C2. We are merely to deal with the case C1 <C2. Take four 
cases into account:

Case 1: C3 <C1. For above ε > 0, s.t., 3ε < C3 +ε < C1, according to Lemma 8.8 and Morse 
inequalities

0 =
2∑
i=1

rankCq (J,ui)=Mq (C3 + ε,C2 + ε)

≥ βq (C3 + ε,C2 + ε)= rankHq
(
JC2+ε, JC3+ε

)
(8.62)

for q ≥ 2, alluding to

Hq

(
JC2+ε, JC3+ε

) ∼= 0, q ≥ 2. (8.63)

Since Hq
(
JC2+ε) ∼=Hq (E), we have

Hq

(
JC3+ε

) ∼=Hq+1

(
JC2+ε, JC3+ε

) ∼= 0, q ≥ 1. (8.64)

An argument analogous to [3] and [1] shows that

n (ui)≤m(ui) (8.65)

holds for � = R
N , where n (ui) stands for the number of nodal domains of ui , and then

m (ui)≥ 1, i = 1, 2.
Due to H0

(
E,J−ε) ∼= 0, by the short exact sequence below

· · · →H1
(
E,J−ε) ∂→H0

(
J−ε) i∗→H0 (E)

j∗→H0
(
E,J−ε) → ·· · , (8.66)

we obtain

H0
(
J−ε) ∼=H0 (E)∼=G. (8.67)

Also observe that

· · · →H1
(
J ε, J−ε) ∂→H0

(
J−ε) i∗→H0

(
J ε

)
j∗→H0

(
J ε, J−ε) ∂→H−1

(
J−ε)

→ ·· · (8.68)

which via (8.67) implies

rankH0
(
J ε

) = rankH0
(
J−ε) + 1 = 2, (8.69)
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Note that m (u3) ≥ n (u3) ≥ 2, so C0 (J,u3) ∼= C1 (J,u3) ∼= 0. In virtue of Hq
(
JC3−ε) ∼=

Hq (J
ε), invoking the exact sequence

· · · →H1

(
JC3+ε, JC3−ε

)
∂→H0

(
JC3−ε

)
i∗→H0

(
JC3+ε

)
j∗→H0

(
JC3+ε, JC3−ε

)
· · · , (8.70)

one deduces that

H0

(
JC3+ε

) ∼=H0

(
JC3−ε

) ∼=G⊕G. (8.71)

Evidently, M0 (C3 + ε,C2 + ε)= β0 (C3 + ε,C2 + ε)= 0. Employing Morse equality

+∞∑
q=0

(−1)q Mq (C3 + ε,C2 + ε)=
+∞∑
q=0

(−1)q βq (C3 + ε,C2 + ε) (8.72)

indicates that

2 =
2∑
i=1

rankC1 (J,ui)=M1 (C3 + ε,C2 + ε)

= β1 (C3 + ε,C2 + ε)= rankH1

(
JC2+ε, JC3+ε

)
, (8.73)

yielding rankH0
(
JC3+ε) = 3, violating (8.71).

Case 2: C3 = C1. Consider the exact sequence

· · · j∗→H2

(
JC2+ε, JC2−ε

)
∂→H1

(
JC2−ε

)
i∗→H1

(
JC2+ε

)
j∗→H1

(
JC2+ε, JC2−ε

)
∂→H0

(
JC2−ε

)
i∗→H0

(
JC2+ε

)
j∗→H0

(
JC2+ε, JC2−ε

)
· · · (8.74)

and observe that

H2

(
JC2+ε, JC2−ε

) ∼=H1

(
JC2+ε

) ∼=H0

(
JC2+ε, JC2−ε

) ∼= 0, (8.75)

we derive H1
(
JC2−ε) ∼= 0 and

H0

(
JC2−ε

) ∼=H1

(
JC2+ε, JC2−ε

)
⊕H0

(
JC2+ε

)
∼=G⊕G. (8.76)

Thanks to H0
(
JC2−ε, J ε

) ∼= C0 (J,u1)⊕C0 (J,u3), based on the exact sequence
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· · · →H1

(
JC2−ε

)
j∗→H1

(
JC2−ε, J ε

)
∂→H0

(
J ε

)
i∗→H0

(
JC2−ε

)
j∗→H0

(
JC2−ε, J ε

)
· · · , (8.77)

we get

H0
(
J ε

) ∼=H1

(
JC2−ε, J ε

)
⊕H0

(
JC2−ε

)
∼=G⊕G⊕G, (8.78)

contradicting (8.69).
Case 3: C2 >C3 >C1. Notice that H1 (E)∼=H0

(
E,JC3+ε) ∼= 0, by the exact sequence

· · · i∗→H1 (E)
j∗→H1

(
E,JC3+ε

)
∂→H0

(
JC3+ε

)
i∗→H0 (E)

j∗→H0

(
E,JC3+ε

)
→ ·· · (8.79)

we have

H0

(
JC3+ε

) ∼=H1

(
E,JC3+ε

)
⊕H0 (E)

∼=H1

(
JC2+ε, JC2−ε

)
⊕H0 (E)

∼=G⊕G. (8.80)

Again observe C0 (J,u3)∼= C1 (J,u3)∼= 0, invoking the exact sequence

· · · j∗→H1

(
JC3+ε, JC3−ε

)
∂→H0

(
JC3−ε

)
i∗→H0

(
JC3+ε

)
j∗→H0

(
JC3+ε, JC3−ε

)
· · · (8.81)

shows

H0

(
JC3−ε

) ∼=H0

(
JC3+ε

)
. (8.82)

As H1
(
J−ε) ∼=H−1

(
J−ε) ∼= 0, based on the following exact sequence

· · · →H1
(
J−ε) i∗→H1

(
JC3−ε

)
j∗→H1

(
JC3−ε, J−ε)

∂→H0
(
J−ε) i∗→H0

(
JC3−ε

)
j∗→H0

(
JC3−ε, J−ε)

→H−1
(
J−ε) · · · , (8.83)

one deduces
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rankH1

(
JC3−ε

)
− rankH1

(
JC3−ε, J−ε) + rankH0

(
J−ε)

−rankH0

(
JC3−ε

)
+ rankH0

(
JC3−ε, J−ε)

= 0. (8.84)

Thanks to Mq (−ε,C3 − ε) = βq (−ε,C3 − ε) = 0 for q ≥ 2, an argument analogous to 
Case 1 indicates

rankH1

(
JC3−ε, J−ε) = rankH0

(
JC3−ε, J−ε) . (8.85)

Combining (8.84) with (8.85), we obtain

rankH0

(
JC3−ε

)
= rankH1

(
JC3−ε

)
+ rankH0

(
J−ε) , (8.86)

alluding to

H1

(
JC3−ε

) ∼=G. (8.87)

As C2 (J,u2)∼=H2
(
JC2+ε, JC2−ε) ∼=H2

(
E,JC3+ε) ∼= 0, resorting to the short exact sequence

· · · →H2

(
E,JC3+ε

)
∂→H1

(
JC3+ε

)
i∗→H1 (E)→ ·· · (8.88)

we infer that

H1

(
JC3+ε

) ∼= 0. (8.89)

Combining (8.87) with (8.88), the following exact sequence

· · · →H2

(
JC3+ε, JC3−ε

)
∂→H1

(
JC3−ε

)
i∗→H1

(
JC3+ε

)
j∗→H1

(
JC3+ε, JC3−ε

)
→ ·· · (8.90)

shows

C2 (J,u3)∼=H2

(
JC3+ε, JC3−ε

)
�= 0 (8.91)

in terms of C1 (J,u3) ∼= 0. Since m (u3) ≥ n (u3) ≥ 2, we have Cq (J,u3) ∼= δq2G. However, 
according to the hypothesis, Cq (J,∞) ∼= δqdkG, dk ≥ 3, so there exists a solution u∗ of (1.1)
with Cdk (J,u

∗) �= 0. A paradox!
Case 4: C3 = C2 > C1. Note that Hq

(
E,JC3−ε) ∼=Hq

(
JC3+ε, JC3−ε), in view of the exact 

sequence



C. Li, S. Li / J. Differential Equations 263 (2017) 7000–7097 7091
· · · →H1 (E)
j∗→H1

(
E,JC3−ε

)
∂→H0

(
JC3−ε

)
i∗→H0 (E)

j∗→H0

(
E,JC3−ε

)
→ ·· · (8.92)

we get

H0

(
JC3−ε

) ∼=H1

(
JC3+ε, JC3−ε

)
⊕G

∼= C1 (J,u2)⊕C1 (J,u3)⊕G
∼=G⊕G. (8.93)

A standard argument yields

rankH1

(
JC2−ε, J−ε) = rankH0

(
JC2−ε, J−ε) . (8.94)

Consider the exact sequence

· · · →H1
(
J−ε) i∗→H1

(
JC2−ε

)
j∗→H1

(
JC2−ε, J−ε)

∂→H0
(
J−ε) i∗→H0

(
JC2−ε

)
j∗→H0

(
JC2−ε, J−ε)

→H−1
(
J−ε) → ·· · (8.95)

and observe that H1
(
J−ε) ∼=H−1

(
J−ε) ∼= 0, hence

rankH1

(
JC2−ε

)
− rankH1

(
JC2−ε, J−ε) + 1

−rankH0

(
JC2−ε

)
+ rankH0

(
JC2−ε, J−ε)

= 0 (8.96)

via (8.67). Inserting (8.94) into (8.96), we have

rankH0

(
JC2−ε

)
= rankH1

(
JC2−ε

)
+ 1 (8.97)

and consequently, we deduce from (8.93) that

H1

(
JC2−ε

) ∼=G. (8.98)

On the other side,
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H1

(
JC2−ε

) ∼=H2

(
E,JC2−ε

)
∼=H2

(
JC2+ε, JC2−ε

)
∼= C2 (J,u2)⊕C2 (J,u3) . (8.99)

The combination of (8.98) and (8.99) also alludes to Cq (J,u3)∼= δq2G, giving rise to a desired 
contradiction. That’s the precise statement (8.58).

We now remain to prove C2 (J,u3) �= 0. Indeed, notice that inf
u∈KJ

J (u) ≥ 0, so Cq (J,∞)∼=
Hq

(
E,J−ε) ∼= δqdkG for ∀ε > 0. Take ε > 0 small suitably such that J ε ∩KJ = {0}.

Notice that C1 = J (u1) < C2 = J (u2) < C3 = J (u3). Take ε1, ε2 > 0, s.t., C1 + ε1 <C2 <

C2 + ε2 <C3. Thanks to dk ≥ 3, the combination of (8.60) and (8.61) shows H1 (J
ε)∼= 0.

Since Cq (J,u1) ∼= Hq
(
JC1+ε1 , J ε

) ∼= δq1G, by the following exactness of singular homol-
ogy groups

· · · →H1
(
J ε

) i∗→H1

(
JC1+ε1

)
j∗→H1

(
JC1+ε1 , J ε

)
∂→H0

(
J ε

) i∗→H0

(
JC1+ε1

)
j∗→H0

(
JC1+ε1, J ε

)
→ ·· · , (8.100)

we derive

rankH1

(
JC1+ε1

)
− rankH1

(
JC1+ε1 , J ε

)
+rankH0

(
J ε

) − rankH0

(
JC1+ε1

)
= 0 (8.101)

and this gets

rankH0

(
JC1+ε1

)
= rankH1

(
JC1+ε1

)
+ 1. (8.102)

Argue by contradiction, C2 (J,u3)∼= 0, yielding

H2

(
E,JC2+ε2

) ∼= 0. (8.103)

As m (u3) ≥ n (u3) ≥ 2, it follows that H1
(
E,JC2+ε2) ∼= H0

(
E,JC2+ε2) ∼= 0. Observe that 

Cq (J,u2)∼=Hq
(
JC2+ε2 , JC1+ε1) ∼= δq1G. Due to the following exact sequence:

· · · →H2

(
JC2+ε2 , JC1+ε1

)
∂→H1

(
JC1+ε1

)
i∗→H1

(
JC2+ε2

)
j∗→H1

(
JC2+ε2 , JC1+ε1

)
∂→H0

(
JC1+ε1

)
i∗→H0

(
JC2+ε2

)
j∗→H0

(
JC2+ε2 , JC1+ε1

)
→ ·· · , (8.104)
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we have

rankH1

(
JC1+ε1

)
− rankH1

(
JC2+ε2

)
+ 1

−rankH0

(
JC1+ε1

)
+ rankH0

(
JC2+ε2

)
= 0. (8.105)

Inserting (8.102) into (8.105),

rankH1

(
JC2+ε2

)
= rankH0

(
JC2+ε2

)
≥ 1, (8.106)

violating

H1

(
JC2+ε2

) ∼=H2

(
E,JC2+ε2

) ∼= C2 (J,u3)∼= 0. (8.107)

Hence, C2 (J,u3) is nontrivial, and by Proposition 7.3 C2 (J,u3)∼= δq2G since m (u3)≥ 2. Em-
ploying Morse inequality, there exists a nontrivial solution u∗ of (1.1) with Cdk (J,u

∗) �= 0. Out 
of the question!

Quite similarly we can treat the case C1 = C2. We complete the proof of Theorem 1.1 thereby.

9. Appendix

Lemma 9.1. Under the hypotheses of Lemma 2.11, then ζk = ξk for k ≤ dl + 1, where the defini-
tions of ζk and ξk are presented by (2.28) and (2.29) respectively.

Proof. Clearly ξk ≤ ζk , so we concentrate on the converse. As C∞
0

(
R
N

)
is dense in H 1

(
R
N

)
, 

for w ∈E⊥
k−1 ∩H 1

(
R
N

)
, ∃un ∈C∞

0

(
R
N

)
, un →w in H 1

(
R
N

)
.

We claim that

PE⊥
k−1
un →w in H 1

(
R
N

)
(9.1)

for k ≤ dl + 1, where PE⊥
k−1

is the orthogonal projection onto E⊥
k−1 in L2

(
R
N

)
.

To see this, we first show that PE⊥
k−1
un is bounded in H 1

(
R
N

)
. In practice, by (3.1)

∥∥PEk−1un
∥∥2 ≤ 2

∥∥PEk−1un
∥∥2
m

≤ 2 (λl +m)
∥∥PEk−1un

∥∥2
L2

≤ 2 (λl +m)‖un‖2
L2 ≤ 2 (λl +m)‖un‖2 , (9.2)

and therefore ∥∥∥PE⊥
k−1
un

∥∥∥ ≤ ‖un‖ + ∥∥PEk−1un
∥∥ ≤

(
1 + [2 (λl +m)] 1

2

)
‖un‖ . (9.3)

Observe that
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∥∥PEk−1un
∥∥
L2 = ∥∥PEk−1 (un −w)∥∥

L2

≤ ‖un −w‖L2 ≤ ‖un −w‖ → 0 (9.4)

derives ∥∥PEk−1un
∥∥ → 0, (9.5)

consequently, ∥∥∥PE⊥
k−1
(un −w)

∥∥∥ − ∥∥PEk−1un
∥∥

≤
∥∥∥PEk−1un + PE⊥

k−1
(un −w)

∥∥∥ = ‖un −w‖ (9.6)

yields ∥∥∥PE⊥
k−1
un −w

∥∥∥ ≤ ∥∥PEk−1un
∥∥ + ‖un −w‖ → 0 (9.7)

via (9.5). The claim is thus proved. Thanks to PEk−1un ∈H 2
(
R
N

)
, PE⊥

k−1
un ∈H 2

(
R
N

)
.

The above argument indicates that for ∀w ∈E⊥
k−1 ∩H 1

(
R
N

)
, ∃wn ∈E⊥

k−1 ∩H 2
(
R
N

)
, wn →

w in H 1
(
R
N

)
. Hence, there exists a minimizing sequence {ϕn}+∞

n=1 of (2.29), ϕn ∈ E⊥
k−1 ∩H 2, 

‖ϕn‖L2 = 1, s.t., εn > 0, εn → 0, and

ζk ≤
∫
RN

|∇ϕn|2 + V (x)ϕ2
n ≤ ξk + εn, (9.8)

deriving ζk ≤ ξk . We arrive at the conclusion. �
A more general case can be stated as follows:

Corollary 9.2. Let V be a real K–R potential, then for ∀Bk−1 ⊂H 2, dimBk−1 = k − 1,

inf
ψ∈B⊥

k−1∩H1

‖ψ‖
L2=1

∫
RN

|∇ψ |2 + V (x)ψ2 = inf
ψ∈B⊥

k−1∩H2

‖ψ‖
L2 =1

〈Aψ,ψ〉L2 . (9.9)

Proof. Note that there exist C1, C2 > 0, s.t., for ∀u ∈Bk−1,

C1 ‖u‖L2 ≤ ‖u‖m ≤ C2 ‖u‖L2 , (9.10)

an argument analogous to Lemma 9.1 ends the proof. �
Lemma 9.3. Let V be a K–R potential and suppose {uk}+∞

k=1 ⊂ H 1, then uk ⇀ u0 in H 1
m ⇐⇒

uk ⇀ u0 in H 1.
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Proof. We just deal with the case “⇒” in consideration of similarity argument on the converse. 
By way of negation, ∃ϕ∗ ∈H 1, ∃γ > 0,∣∣〈uk − u0, ϕ

∗〉∣∣ ≥ γ. (9.11)

As {uk}+∞
k=1 is bounded in H 1, there exists a subsequence 

{
ukj

}+∞
j=1

, s.t. ukj ⇀ u∗ in H 1 as 
j → +∞, i.e. 〈

ukj − u∗, ϕ
〉 → 0,∀ϕ ∈H 1. (9.12)

We claim that u∗ = u0 a.e. on RN . Notice that for fixed ϕ ∈ C∞
0

(
R
N

)
, there is a bounded 

domain � ⊂R
N , 

{
x ∈ R

N : ϕ (x) �= 0
} ⊂�. Hence,∣∣∣∣∣∣∣

∫
RN

V (x)
(
ukj − u∗)ϕ

∣∣∣∣∣∣∣
≤ ‖V1‖Lp · ∥∥ukj − u∗∥∥

L2q (�)
· ‖ϕ‖L2q (�)

+‖V2‖L∞ · ∥∥ukj − u∗∥∥
L2(�)

· ‖ϕ‖L2(�)

→ 0, (9.13)

1
p

+ 1
q

= 1, p > N
2 if N ≥ 4, and p = 2 if N ≤ 3.

(9.12) together with (9.13) yields∫
RN

∇ (
ukj − u∗)∇ϕ + (V +m) (ukj − u∗)ϕ

=
∫
RN

∇ (
ukj − u∗)∇ϕ + (

ukj − u∗)ϕ
+

∫
RN

V (x)
(
ukj − u∗)ϕ + (m− 1)

∫
RN

(
ukj − u∗)ϕ

→ 0, (9.14)

indicating 〈
ukj − u∗, ϕ

〉
m

→ 0 (9.15)

for ∀ϕ ∈ C∞
0

(
R
N

)
. On the other side, in view of the hypothesis, we have〈

ukj − u0, ϕ
〉
m

→ 0 (9.16)

for ∀ϕ ∈ C∞
0

(
R
N

)
.

Using (9.15) and (9.16) shows
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〈
u∗ − u0, ϕ

〉
m

= 0,∀ϕ ∈C∞
0

(
R
N

)
. (9.17)

As C∞
0

(
R
N

)
is dense in H 1

(
R
N

)
, (9.17) derives

〈
u∗ − u0, ϕ

〉
m

= 0,∀ϕ ∈H 1
(
R
N

)
. (9.18)

Take ϕ = u∗ −u0 and the claim is thus proved. This derives a desired contradiction by combining 
(9.11) and (9.12). The proof is complete. �

The following proposition is a C2 version of Theorem 5.6 of [8] and also a variant version of 
Theorem 8.8 of [29]. The proof is almost the same as that of Theorem 5.6 of [8].

Proposition 9.4. Let E be a Hilbert space. Suppose that 
{
fσ ∈C2−0 (E,R) | σ ∈ [0,1]

}
is a 

family of functions satisfying the (PS) condition. Suppose that there exists an open set N such 
that fσ has a unique critical point pσ in N , ∀σ ∈ [0,1], and that σ → fσ is continuous in 
C1

(
N

)
topology. Then C∗ (fσ ,pσ ) is independent of σ .
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