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Abstract

This paper is the second one of two serial articles, whose goal is to prove convergence
of HX Preconditioner (proposed by Hiptmair and Xu [I7]) for Maxwell’s equations with
jump coefficients. In this paper, based on the auxiliary results developed in the first
paper [I8], we establish a new regular Helmholtz decomposition for edge finite element
functions in three dimensions, which is nearly stable with respect to a weight function.
By using this Helmholtz decomposition, we give an analysis of the convergence of the
HX preconditioner for the case with strongly discontinuous coefficients. We show that
the HX preconditioner possesses fast convergence, which not only is nearly optimal with
respect to the finite element mesh size but also is independent of the jumps in the
coeflicients across the interface between two neighboring subdomains.
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1 Introduction
Consider the following Maxwell’s equations ([4}, &, 25, 30} B3]):

curl(acurlu)+pfu = f in Q,
uxn = 0 on € (1.1)

where € is a simply-connected bounded domain in R3 with boundary 9, occupied often by
nonhomogeneous medium; f is a vector field in (L2(€2))2. The coefficients a(x) and 3(x) are
two positive functions, which may have jumps across the interface between two neighboring
different media in €. The problem arises in different applications, for instance, in the
eddy current model in computational electromagnetics [4].

The Nedelec edge finite element method (see [27]) is a popular discretization method
of the equations , and the resulting algebraic system is in general needed to be solved
by some preconditioned iterative method. As pointed out in [I2], the construction of an
efficient preconditioner for the resulting system is much more difficult than that for the
standard elliptic equations of the second order. There are some works to construct such
efficient preconditioners in literature, see, for example, [2] [12] [16] [17] [19] [20] [21] [28] [31]
[32]. In particular, the HX preconditioner proposed in [I7] is very popular. The action of
the HX preconditioner is implemented by solving four Laplace subproblems, so the existing
codes for Laplace equations can be easily used to solve . It is well known that the
(orthogonal or regular) Helmholtz decomposition with stable estimates (see [14] [I1]) plays
an essential role in the convergence analysis of the kinds of preconditioners. For example, the
HX preconditioner has been shown, by using the classic regular Helmholtz decomposition, to
possess the optimal convergence for the case with constant coefficients. Although numerical
results indicate that this preconditioner is still stable for some examples with large jump
coefficients [23], it seems a theoretical open problem whether the results in [I7] still hold for
the case that the coefficients o and 5 have large jumps (refer to Subsection 7.3 of [17]). This
topic was discussed in [35] for the case with two subdomains (i.e., the interface problems).
The main difficulty is that the estimates in the classic Helmholtz decomposition are stable
only with respect to the standard norms, which do not involve the coefficients o and 5.

The first important attempt for Helmholtz decomposition in nonhomogeneous medium
was made in [19], where a weighted discrete (orthogonal) Helmholtz decomposition, which
is almost stable with respect to the weight function 5, was constructed and studied. More-
over, in that paper the desired convergence result of the preconditioner proposed in [21]
was proved by using this weighted Helmholtz decomposition. Unfortunately, the weighted
discrete Helmholtz decomposition constructed in [I9] cannot be applied to analyze the HX
preconditioner for the case with large jump coefficients.

This paper is the second one of two serial articles. In the current paper, based on
the auxiliary results derived in the first paper [I§] and absorbing some ideas presented in
[19], we build new discrete regular Helmholtz-type decompositions, which are nearly stable
with respect to the mesh size h and are uniformly stable with respect to the weight norms
involving the coefficients o and 3, even if the coefficients « and § have large jumps across



two neighboring media. We would like to emphasize two key differences between the results
obtained in the paper and [19]: (1) both the jumps of the coefficients o and  are handled
in this paper; (2) the results obtained in this paper covers all the cases of the distribution of
the coefficient «, but some assumptions on the distribution of the coefficient S was imposed
in [I9]. By using this regular Helmholtz decomposition, we show that the PCG method
with the HX preconditioner for solving the considered Maxwell system has a nearly optimal
convergence rate, which grows only as the logarithm of the dimension of the underlying
Nedelec finite element space, and more importantly, is independent of the jumps of the
coefficients a and [ across the interface between two neighboring subdomains.

The outline of the paper is as follows. In Section 2, we describe domain decomposition
based on the distribution of coefficients, and define some edge finite element subspaces.
In section 3, we describe two new regular Helmholtz decompositions and analyze the HX
preconditioner for the case with strongly discontinuous coefficients by using the new regular
Helmholtz decompositions. A new regular Helmholtz decomposition is constructed and
analyzed in Section 4 for a particular case. The new regular Helmholtz decomposition for
the general case is constructed and analyzed in Section 5.

2 Subdomains, finite element spaces

This section shall introduce subdomain decompositions and some fundamental finite element
spaces.

2.1 Sobolev spaces

For an open and connected bounded domain O in R3, let H}(O) be the standard Sobolev
space. Define the curl-spaces as follows

H(curl; 0) = {v € L*(0)?; curlv € L*(0)%}

and
Hy(curl; O) ={v € H(curl;O); v xn =0 on 00}.

2.2 Domain decomposition based on the distribution of coefficients

The main goal of this paper is to present a regular Helmholtz decomposition based on a
decomposition of the global domain ) into a set of non-overlapping subdomains so that the
Helmholtz decomposition is nearly stable with respect to a discontinuous weight function
related to the subdomains. For this purpose, we first decompose the entire domain €2 into
subdomains based on the discontinuity of the weight function defined by the coefficients
a(x) and B(x) of in applications.

Associated with the coefficients c(x) and 3(x) in (L.1)), we assume that the entire domain
Q) can be decomposed into Ny open polyhedral subdomains €21, {s, - -+, Qy, such that Q =
U]kvilﬁk and the variations of the coefficients a(x) and B(x) are not large in each subdomain
Q. Without loss of generality, we assume that, for k =1,2,..., Ny,

a(x) =a, and B(x) =, Vxe Q, (2.1)

where each oy or (i is a positive constant. Such a decomposition is possible in many
applications when €2 is formed by multiple media. Notice that a subdomain 2 may be
a non-convex polyhedron, which is a union of several convex polyhedra. In this sense our
assumption is not restrictive and does cover many practical cases.



Remark 2.1 The subdomains {Qk}gil are of different nature from those in the context
of the standard domain decomposition methods: {Qk}gﬁl s decomposed based only on the
distribution of the jumps of the coefficient a(x) and f(x) (so Ny is a fized integer, and the
size of each Q, is O(1)).

2.3 Edge and nodal element spaces

Next, we further divide each 2 into smaller tetrahedral elements of size h so that all the
elements on ) constitute a quasi-uniform triangulation 7 of the domain Q. Let &, and N},
denote the set of edges and nodes of 7T, respectively. Then the Nedelec edge element space,
of the lowest order, is a subspace of piecewise linear polynomials defined on 7p:

Vi(Q) = {v € Ho(curl;Q); vk € R(K), VK € n},
where R(K) is a subset of all linear polynomials on the element K of the form:
R(K) = {a+b xx; a,beR3, x ¢ K}

It is known that for any v € V;(Q2), its tangential components are continuous on all
edges of each element in the triangulation 7y, and v is uniquely determined by its moments
on each edge e of Ty:

My (v) = {)\e(v) = /v -teds; e € Eh}

e

where t. denotes the unit vector on edge e, and this notation will be used to denote any
edge or union of edges, either from an element K € T, or from a subdomain. For a vector-
valued function v with appropriate smoothness, we introduce its edge element interpolation
rpv such that rpv € V4(f2), and rpv and v have the same moments as in Mp(v). The
interpolation operator rp will be used in the construction of a stable decomposition for any
function vy, € V3 ().

As we will see, the edge element analysis involves also frequently the nodal element
space. For this purpose we introduce Z;(2) to be the standard continuous piecewise linear
finite element space in H}(2) associated with the triangulation 7j.

2.4 Finite element subspaces

For the subsequent analysis, we need the subspaces of the global edge element space V},(£2)
restricted on a subdomain of €.

Let G be any of the subdomains 21, ---, Qp, of Q. We will often use F, E and v to
denote a general face, edge and vertex of G respectively, but use e to denote a general edge
of Ty, lying on 0G. Associated with G, we write the natural restriction of V3, (€2) and Z;, ()
on G by Vi,(G) and Z,(G), respectively. Define

Vh(aG) = {(V X n)|3g; VvV € Vh(G)},

Z)(G) = {q € Zy(G); ¢ =0 on OG}

and
VUG) = {v € V4(G); v xn =0 on dG}.



3 Discrete Helmholtz decompositions and HX preconditioner
with jump coefficients

In this section, we describe new regular Helmholtz decompositions, which are stable uni-
formly with the weight functions.

3.1 Motives

As is well known, the (orthogonal or regular) Helmholtz decomposition plays an essential
role in the convergence analysis of the multigrid and non-overlapping domain decomposition
methods for solving the Maxwell system by edge element methods; see, e.g., [2] [16]
[17] [20] [21] [28] [29] [31] [32]. Any vector valued function v € Hy(curl; Q) admits a regular
Helmholtz decomposition of the form (see, for example, [11] and [2§])

v=Vp+w (3.1)

for some p € Hy(Q)) and w € (Ho(2))?, and have the following stability estimates

Iplle < Clvllewror  [[wlhie < Clleurlvioq. (3.2)

In order to effectively deal with the case with jump coefficients in , one hopes the sta-
bility estimates to be still held with the weighted norms defined by the weight function
a (or (). Unfortunately, it is unclear how the coefficient C' appearing in the two stability
estimates depends on the jumps of the coefficients o and S across the interface between two
neighboring subdomains. For this reason, although there are many preconditioners available
in the literature for the Maxwell system , with optimal or nearly optimal convergence
in terms of the mesh size, it is still unclear how the convergence depend on the jumps of
the coefficients a(x) and S(x) in (1.1). For example, the well known HX preconditioner
proposed in [I7] has been shown to possess the optimal convergence for the case with con-
tinuous coefficients, but it seems a theoretical open problem whether the result still hold for
the case with large jump coefficients (refer to Subsection 7.3 of [I7]). The key tool used in
[17] is a discrete regular Helmholtz decomposition derived by and (3.2).

The aim of this work is to fill in this gap by constructing new discrete regular Helmholtz-
type decompositions, that are stable uniformly with respect to the jumps of the weight
coefficients a(x) and f(x). The new regular Helmholtz decompositions can be used to
analyze convergence of various preconditioners for Maxwell’s equations with large jumps
in coefficients. For an application, we will show in Section with the help of such a
Helmholtz decomposition that the HX preconditioner constructed in [I7] converges not only
nearly optimally in terms of the finite element mesh size, but also independently of the
jumps in the coefficients «(x) and (x) in (L.1)).

From now on, we shall frequently use the notations < and Z . For any two non-negative
quantities x and y, x < y means that x < Cy for some constant C' independent of mesh
size h, subdomain size d and the possible large jumps of some related coefficient functions
across the interface between any two subdomains. x Z y means ¢ < y and y < x.

3.2 Discrete Helmholtz decomposition under the quasi-monotonicity as-
sumption

In the analysis of multilevel preconditioner for the case with large jump coefficient, the quasi-
monotonicity assumption was usually made in the existing literature (see, for example, [13]
and [20]).



3.2.1 The quasi-monotonicity assumption

We first recall the definition of quasi-monotonicity assumption (see Defintion 4.1 and
Defintion 4.6 in [26]).

Let N (Q) (rep. N (99)) denote the set of vertices v in © (rep. on 99). In the following,

we always use V to denote a vertex from the domain decomposition, namely, v is a vertex
of some polyhedron €2,.. For a vertex v, let =y, denote the union of all polyhedra 2, that
contain Vv as one of their vertices. Denote by Qv a polyhedron from Sy such that the
maximum maxxes,, &(x) achieves on Qy.
Definition 3.1. The distribution of the coefficients {ay} satisfying Qy C Zy will be called
quasi-monotone with respect to the vertex v if the following conditions are fulfilled: For
each 0, C =y there exists a Lipschitz domain évm containing only polyhedra from =y,
such that

o if v € N(Q) then Q, U Qv C év,r and a, < a, for any Q. C év,r;

o if v € N(99) then Q, C év,r, meas(@év,r N o) > 0 (namely, 8év,r N N is just a
face of some polyhedron ) and a, < ;s for any ,, C évv,ﬂ.

The distribution of the coefficients o, o, -, an, is quasi-monotone with respect to
vertices generated by the domain decomposition, if the above conditions hold for every
vertices V. Similarly, we can define the quasi-monotonicity of the coefficients a1, g, - - -, an;,
with respect to edges E generated by the domain decomposition.

We say that the distribution of the coefficients a1, g, - - -, an, satisfies quasi-monotonicity
assumption if it is quasi-monotone with respect to both vertices and edges generated by the
domain decomposition.

3.2.2 The main result

The stability estimates are based on some weighted norms. For H(curl) functions, we define

No
1
vz @) = ( E ar|vl[§a, )2, v € H(curl; Q)
r=1

and
No

1
VI i (eurt, ) = O awlleurl v[[g o, + Bellvllga,)2, v € H(curl; Q).

r=1

For H' functions, we define

1
b, + B3 g7 pe H'(Q)

No
Il = (3 519

and
No

1
IVllaz @) = Q_(arlviig, + BilvIde,))?, v e (H'(Q)
r=1
The stable Helmholtz decomposition involves an assumption on the coefficients o and 3.
Assumption 3.1. There is a constant C' such that, for any two neighboring subdomains
2; and Q;, we have
,31' < Cﬁj when a; < Q. (3.3)

For the case considered in this subsection, we have the following result



Theorem 3.1 Assume that Assumption 3.1 is satisfied. Then, under the quasi-monotonicity
assumption, any function vy, € V3 () admits a decomposition of the form

vy = Vp, +rpwp + Ry (3.4)

for some py, € Zy(Q) and wy, € (Z,(2))? and Ry, € V3, (). Moreover, p,, wj, and Ry, have
the estimates

1
Il 0y < Clog™(1/h)]1B2vhllo0, (3.5)
HWhHHi(Q) < Clogm(l/h)HVhHH*(curl, Q) (3'6)
and
h IRl 2 (0) < Clog™(1/h)|lcurl vl 22 o), (3.7)

where constants m (> 2) and C are independent of h and the jumps of the coefficients «

and (3.

We consider the example tested in the paper [23] to illustrate the assumptions in this
theorem.

Let = [0,1]3 be the unit cube, and be divided into two polyhedrons D; and Dy (see
Figure 1). There are two choices of the coefficients: (a) « = 1 on €2, 5 =1 on D; and
B = 10* (with k = —8,---,8) on Do; (b) B=10nQ, a =1 on Dy and a = 10* (with
k= —-8,---,8) on Ds. A uniform triangulation is used on €.

/// \\\\
//// \\-\\
< e . s
= > -
\ T o ’& >‘\\\ - /

Figure 1: The unit cube split into two symmetrical regions (left: Dy; right: Do)

For this example, there is no internal cross point and so the quasi-monotonicity assump-
tion is satisfied. For Case (a), we have ay = ag and 1 = ay < [ when k = 1,---,8; we
have as = a7 and Py < 1 = a1 when kK = —8,---,0, so Assumption 3.1 is met. For Case
(b), when k = —8,---,0 we have s < a1 and 3 = ay = (1; when k = 1,---,8 we have
a1 < ag and B1 = as = 9, so Assumption 3.1 is also satisfied.

3.3 Discrete Helmholtz decomposition for the general case

In this subsection, we consider the complicated case that the quasi-monotonicity assumption
does not hold.



3.3.1 A new concept

For convenience, we give another concept. For a vertex v € N (Q) UN(09), let Sy denote
the set of all polyhedra €2, that contain v as one of their vertices.
Definition 3.2. A vertex Vv is called a weird vertex if there is some polyhedron €2, € Sy such
that one of the following two conditions is satisfied: (i) for any other polyhedron €, that
belongs to Sy and corresponds to larger coefficient than €, (i.e., av > ), the intersection
of Q. with Q. is just the vertex v, i.e., Q. N Qv = v; (i) Q, NIQ = v (thus v € N(99Q))
and the local maximum maxxez,, a(x) achieves on .

We would like to give the relations between gquasi-monotonicity assumption and weird
vertez.
Proposition 3.1. The distribution of the coefficients a1, as,- -+, an, is quasi-monotone
with respect to all the vertices implies that there is no weird verter in N'(2) UN(99). But,
the inverse conclusion is not valid.
Proof. If the distribution of the coeflicients is quasi-monotone with respect to a vertex v,
then the set EVJ in Definition 3.1 must be a Lipschitz polyhedron (may be non-convex).
This condition implies that the set (év,r\Qr) N Q, is just a face of . (otherwise, év,r is a
non-Lipschitz domain), so the vertex v is not a weird point (notice that a,» > «, for any
Q. C EV,T\QT)' But, the vertex Vv is not a weird vertex means that the set (évﬂ,\Qr) NneQ,
is a face or an edge of 2., from which we can not infer quasi-monotonicity of the coefficients
with respect to the vertex v. i

Remark 3.1 For a weird vertex v, the set Sy can be decomposed into two disjoint sets 3%,
and S5, that can be described as follows: for any polyhedron §),. € 3, there are at least one
polyhedron Q. € Sy such that a,r > «, and the intersection of Q. and Q. is a face or an
edge containing V; for any two polyhedrons Q., ; € I5;, we have Q. N = V. It is easy
to see that both 3, and IS, are not the empty set (IS, at least contains the polyhedron €,
mentioned in Definition 3.1 and the polyhedron achieving the locally mazximal coefficient
). If v is not a weird vertex, then IS, =0 and Iy, = Sv.

As we will see, the introduction of weird vertices can help us to analyze convergence of
the HX preconditioner for more complicated situations.

3.3.2 The main result

In this part we describe a Helmholtz decomposition for the case with weird vertices.

Let Vs denote the set of all the weird vertices generated by the domain decomposition
and the distribution of the coefficients. For v € V,, we use ny to denote the number of the
subdomains contained in 3§,. Let VI (resp. VYY) denote the set of the weird vertices in

(resp. on 0f2). Define
ng = Z (ny — 1)+ Z ny.
Veyin vevt
For convenience, the number n; is called multiplicity of weird vertices, which reflects the
number of weird vertices and the distribution of the coefficients on the polyhedron subdo-
mains containing a weird vertex as one of their vertices.

For n, functionals {F;};*,, each of which corresponds to a weird vertex, we define

Vii(Q) ={vrh € Va(Q) : Fivi, =0 for I =1, -+ ns}.

Of course, when there is no weird vertex, we have V;*(2) = V3(€). It is clear that
dim(V;¥(2)) = dim(V4(€2)) — ns, so the number n, is the codimension of the space V;*(Q).
The exact definitions of the functionals {#;};*, will be given in Section 5.



In applications, it is particularly difficult to efficiently solve Maxwell’s equations for the
case with small coefficient 5(x). Thus we give a usual assumption below
Assumption 3.2. The coefficient functions a(x) and f(x) satisfy

Br/oy <C (r=1,---,Np). (3.8)
The following theorem presents another main result of this paper.

Theorem 3.2 Assume that both Assumption 3.1 and Assumption 3.2 are satisfied.
Then there are functionals {Fi};2, such that any function vy, € V;*(Q) admits a decomposi-
tion of the form

vy = Vp, +rpwp + Ry (3.9)

for some pj, € Z,() and wy, € (Zy(Q))3 and Ry, € V(). Moreover, we have the estimates

1 ~
182 Vprlloe < Clog™(1/h)||Vall i+ (curl, o) (3.10)
Wl m1 (o) < Clog™(1/h)|lcurl vy 12 o) (3.11)
and )
Rl 2 ) < Clog™(1/h)|curl vi| 12 q), (3.12)

where constants m and C are independent of h and the jumps of the coefficients o and (3.
If there is no weird vertez (this condition is weaker than the quasi-monotonicity assumption
in Theorem 8.2), the results are valid for any vy, € V().

As we will see, when we apply the above theorem to the analysis of the HX precon-
ditioner, we are interested only in the codimension n, of the space V;*(€2), instead of the
space V() itself (i.e., the choice of the functionals {#;};*;). In many applications, one
may encounter only several different media involved in the entire physical domain, so ng is
a small positive integer independent of h and the jumps of the coefficients o and .

3.3.3 Further investigation on this theorem

To understand Theorem 3.1 more deeply, we give a well known example on the so called
“checkerboard” domain.

Let Q = [0,1]%, and set Q1 = [0, 3> U [3,1]® and Qy = Q\Qy. Define a(x) = B(x) = 1
on 1, and a(x) = f(x) = ¢ on Qy with € < 1. It is easy to see that the coefficients in this
example satisfy Assumption 3.1 and Assumption 3.2. The domain Q = [0,1]? in the
example is called “checkerboard” domain. For this example, there is only one weird vertex
V at the center of {2 and IS, contains two cubes, which implies that ng = 1.

Proposition 3.2. For the “checkerboard” domain, the space V;*(§2) in Theorem 3.2 cannot
be replaced by V}, () itself.

Proof. For convenience, set G = [0, %]3 and Gy = [%, 1]3, and let v be the common vertex
of G1 and G2 (see Figure 2).



Figure 2: A “checkerboard” domain {2: the shaded domain denotes €2

For i = 1,2, let ¢5; € Z,(G;) be a nodal finite element function satisfying ¢5; = 0 on
0G; N 09. Define vy, as follows: v, = V¢y,; on Gi; Ae(vy) = 0 for any edge e in Q. It is
easy to see that v, € V() even if ¢ 1 # ¢pn2 at v (an edge finite element function may
be discontinuous at a node), but v; does not vanish on s since v, has non-zero degrees
of freedom on 9€2y N 9. In the following we explain that the function v, must belong to
a subspace V() with some constrain if this function admits a Helmholtz decomposition
satisfying all the requirements in Theorem 3.2.

We assume that v, admits such a Helmholtz decomposition. By the definition of vy, we
have curl v, = 0 on G; (i = 1,2). Then the estimates (3.11)) and (3.12) imply that

1
IWhllo.0, < IWallmig) < Clog™ ! (1/h)ez |[curl valo0,

and
1
h Rallo, < YRz @) < Clog™ ' (1/h)e?|[curl vy o,

For a fixed h, let ¢ — 0. Then, from the above inequalities, we get wj, = Rj, = 0 on Q.
Thus, by the Helmholtz decomposition, we have vy, = Vpy, on Qq with p, € Z,(Q).

For i = 1,2, set py; = pp|g, and let F; C 0G; be a face containing v as one of its vertex.
For this example, we have F; N9 # B, so we can choose a vertex v; on 9F; N IS such that
ph; vanishes at v;. We want to consider the arc-length integral on OF;. To this end, we
assume that the arc-length coordinate of the point v; is just 0 and we use ty to denote the
arc-length coordinate of the point v. By the condition v, = Vp, on G;, we get

ty tv
/ Vi - tor,ds = / Vpni - tor,ds = ppi(tv) (i=1,2).
0 0
Since py, € Z,(Q2), we have pp, 1(tv) = pp2(ty). Thus

ty ty
v, - tor,ds = v, - tor,ds.
0 0

Namely, the function v;, must satisfy the constraint Fvj;, = 0 with

ty ty
.7:Vh = / vp - tBFldS - / Vp taFQdS.
0 0
Then this proposition is proved. i

The above discussions tell us that, for the case with weird vertices, some constraint is
necessary for a function vy, to admit a stable Helmholtz decomposition.
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3.4 Analysis of the HX preconditioner with jump coefficients

In this subsection we shall apply the discrete weighted Helmholtz decompositions described
in Theorem 3.1-Theorem 3.2 to analyze the convergence of the HX preconditioner for the
case with jump coeflicients.

3.4.1 The HX preconditioner

In this part, we recall the HX preconditioner proposed in [17] for solving the discrete system

of .

The discrete variational problem of is: to find uy € V3,(Q2) such that
(acurluy, curlvy) + (Bup, vy) = (f,vy), Vvp € V3(9). (3.13)
As usual, we can rewrite it in the operator form
Apuy, = fy, (3.14)
with Ay @ V4(Q) — V() being defined by
(Apup,vy) = (acurluy, curlvy) + (Bup, vi), up, vy € Vi (Q).
Let Ay 2 (Z1(2))3 — (Z1(92))? be the discrete elliptic operator defined by
(Apv,w) = (aVV,Vw) + (Bv,w), v,w € (Z,(2))%,

and let Ap: V(Z,(2)) = V(Z,(Q)) be the restriction of Ay, on the space V(Z,()), whose
action can be implemented by solving Laplace equation. Besides, let J;, : V4 () — V()
denote the Jacobi smoother of Aj;. Then the HX preconditioner By, of Aj can be defined
by
By =J, ' + 8,08 + Ty 0, T,

where 1, : (Z,(2))% — Vi,() is the restriction of the interpolation operator rj, on (Z(£2))3,
and T} : V,(Q) — V(Z,()) is the L? projector.

When the coefficients a and 8 have no large jump across the interface between two
neighboring subdomains, we have (see [17])

cond(BrAp) < C.

But, it is unclear how the constant C' depends on the jumps of the coefficients o and 5 for
the case with large jumps of the coefficients.

3.4.2 Convergence of the HX preconditioner for the case with jump coefficients

In this subsection we give a new convergence result of the preconditioner By, for the case
with large jumps of the coefficients o and 8 by using Theorem [3.I} Theorem

Let n, and V;*(Q2) be defined in Subsubsection 3.3.2. We use )\ns+1(B,:1Ah) to denote
the minimal eigenvalue of the restriction of B; 'Aj on the subspace V;*(2), and define
kino+1(B, ' Ay) as the reduced condition number (see [34]) of B, A associated with the
subspace V;*(§2). Namely,

)\maX(B}ZlAh)

K 11 (Br1A,) = —maxiBh Ah)
A BTA
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From the framework introduced in [34], we know that the convergence rate of the PCG
method with the preconditioner Bj for solving the system is determined by the
reduced condition number ki, 1(B; 'Ap) (the iteration counts to achieve a given accuracy
of the approximation weakly depends on the values of the codimension ng). If there is no
weird vertex (this condition is weaker than the quasi-monotonicity assumption), we have
ns = 0 and V;*(Q) = Vi,(Q), and so ky,,11(B; ' Ay) is just the standard condition number
cond(BglAh). In this part, we are devoted to the estimate of mn5+1(Bg1Ah).

Theorem 3.3 Assume that both Assumption 3.1 and Assumption 3.2 are satisfied.
Then there are a positive number C' and a positive integer mg, which are independent of
h and the jumps of the coefficients o and B, and only depend on the distribution of the
discontinuity of the coefficient functions a(x) and B(x), such that

Fni1(By ' Ap) S Clog™ (1/h). (3.15)
When both Assumption 3.1 and the quasi-monotonicity assumption are satisfied, we have
cond(B; ' Ap) < Clog™ (1/h). (3.16)

Proof. We need only to consider the estimate (3.15]), and we can prove another result in the
same manner (but using Theorem 3.1). For any vy, € V;*(Q), let wy, € (Zn(Q))?, pr € Zn(2)
and Ry, € V,,(Q) be defined by the decomposition in Theorem

vp =rpwp + Vpn + Ry, (3.17)

By the auxiliary space technique for the construction of preconditioner (refer to [17]), we
need only to verify

(R, Rp) + (Apwp, wi) + (An (Vpr), Vpr) < Clog™ (1/h)(Apv, vi). (3.18)
It follows by (3.11]) that
(Bwwn,win) = WallZq) S 1og™ (L/R)IVal - (curt: 0)
log™*(1/h)(ApVh, Vh). (3.19)

From (3.10), we have

1 1 1
(80 (Vpn), Von) S 1182Vl o S log™ (1/h) (lezeurlvi|[§ o + 162 vall§ o)

log™*(1/h)(ApvVh, Vi) (3.20)
Finally, we get by (3.12)
I 91) S 0 lazvlde S log™ (1/h) a2 curl va o
< 1og™ (1/h)(Anva, va). (3:21)

Then (3.18) is a direct consequence of (3.19))-(3.21]). i

Remark 3.2 Notice that the codimension ng is a small positive constant in applications. By
Theorem 3.3 and the framework introduced in [3])], the PCG method with the preconditioner
By, for solving the system possesses fast convergence, which not only is nearly optimal
with respect to the mesh size h but also is independent of the jumps in the coefficients o and
B across the interface between two neighboring subdomains.

The remaining part of this work is devoted to the proof of Theorem [3.I} Theorem [3.2
As we will see, the key idea is to divide all the subdomains {€2,} into groups according to
the values of the coefficients {c, }.
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4 Analysis for the case satisfying the quasi-monotonicity as-
sumption

In this section, we are devoted to the proof of Theorem For the analysis, we introduce
a subset of the boundary of each subdomain. For a subdomain 2, (1 <r < Ny), let T, be
a union of the (closed) intersection sets of 2, with 9Q or Q; (I =1,---, Ny) that satisfying
a; > . Namely,

I = |J @0 Jo9. no).

oy

The subset I', possesses the following property, which reveals the essence of the quasi-
monotonicity assumption
Proposition 4.1. Under the quasi-monotonicity assumption, for each 2, the set I, is just
a union of some faces of €2,.
Proof. If I, contains an isolated vertex v, then there is a polyhedron €2, with a,» > «,- such
that v = Q, N, and all the polyhedrons §2; having a common face or a common edge with
(2, possesses the property a; < a, (otherwise, Q. N Qj cT,andsoven Qj is not an
isolated vertex). This means that the domain évm satisfying the conditions in Definition
3.1 does not exist, so the vertex v does not satisfy the quasi-monotonicity assumption.
Thus I',. does not contain an isolated vertex. In a similar way, we can explain that the set
I', does not contain an isolated edge. i

From now on, when we say two subdomains €2, and €2,» do not intersect if €, N Q,, = 0;
otherwise we say the two subdomains intersect each other. For a polyhedron G in {Q}, we
use E¢ to denote the union of all the polyhedra that belong to {2} and intersect with G.
The following result will be used repeatedly.

Lemma 4.1 Let G be a polyhedron in {Q}, and I’ be a union of some faces and edges of G.
Then there exists an extension Ey mapping Zn(G) into Zy(2) such that, for any function
on € Zy(G) vanishing on T, the function Ep¢y satisfy the conditions: (1) Ep¢p = ¢p on G;
(2) supp Enén C Zg; (8) when G' C Z¢ and G' NG C T, we have Epdy, =0 on G'; (4) the
following stability estimates hold

| Enén

Lo Slog(1/h)|énllic  and || Engsl

0.2 S l¢nlloc- (4.22)

Proof. We define the extension in the same manner as wy, 1 in the proof of Theorem 3.1 in
[18]. Assume that G has ny faces, which are denoted by Fi,- -, Fy,,. Set Fo = U;LilaFj. For
each Fj, let Jp, be the finite element function defined in [7] and [33]. This function satisfies
Jr,;(x) = 1 for each node x € F;\0F;, Jp,(x) = 0 for x € 9G\F; and 0 < Jp, < 1 on G.
Let 7, denote the standard interpolation operator into Z(G), and define (;5}}?] = mn(J%, Pn)
(] — 1,...’nf)_

When r; C I', we define the extension ngj of gb}FLj as the natural zero extension since

qsz =0 on G. We need only to consider the faces F;  I'. Let G; C Eg be the polyhedron
having the common face F; with G. As in Lemma 4.5 of [22], we can show there exists an

extension g?)i” of gbf:j such that QESJ € Zn(Q); dggj = qb}ljj on G; 4557 vanishes on Q\(GUF;UG;);
quj is stable with both H! norm and L2 norm. Define

ny
NF,
Engn =6+ o)’

Jj=1
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where ¢f € Z,(£2) denotes the zero extension of the restriction of ¢, on F?. Then the
extension Ep¢p, meet all the requirements in this lemma. i

In the rest of this paper, for a nodal finite element function ¢; we always use g?)h to
denote its extension defined by Lemma 4.1. For convenience, such an extension is simply

called a stable extension.

4.1 A decomposition for edge element functions

In this subsection, we build a suitable Helmholtz decomposition for functions v, € Vj(£).
The basic ideas, which come from [19], can be described roughly as follows. We first divide
all the subdomains {2, } into groups according to the values of the coefficients {«,}, such
that any two subdomains in each group do not intersect each other, and the subdomains
in a former group correspond larger values of {«,} than the subdomains in a later group.
Then we in turn construct the desired decomposition from a former group to a later group.
As in [19], we decompose {Qr}ﬁl into a union of non-empty subsets X1, - -+, 3, satis-
fying the following conditions: (1) any two polyhedra in a same subset 3; do not intersect
each other; (2) for any two polyhedra €, and ;. belonging respectively to two different
subsets ¥; and ¥; with [ < j, we have a,; > a,, if (), and (), intersect each other.
Without loss of generality, we assume that

Zl = {QTLL,1+17 in,1+2y T in}

with ng =0 and n; > n;_1 (I =1,---,m). It is clear that ¥; contains (n; —n;_1) polyhedra.

We are now ready to construct a desired decomposition for any vy, in V4 (Q2), and do so
by three steps.

Step 1: Decompose vy on all the polyhedra in ;.
We shall write v, = vp|q,. For Q, € ¥; (ie., 1 <r < ny), by Theorem 3.1 of [I§] we
can decompose vy, , as follows:

Vhr = VDhr + W+ Ry, (4.1)

where pp, € Zn(Q), Whe € (Z1(2))% and Ry, € Vi(Q;), and they vanish on 92, N 9.
Moreover, we have

[Whrlli, S log(1/h)llcurlvi,floq,.  [IWhrllogo, +lParllie, < log(l/h)[Ivarllos,. (4.2)

and
h R

09, S log(1/h)|lcurl vy o, (4.3)

Let pp, € Z,(Q2) and Wy, € (Z1,(22))? be the stable extensions of Ph,r and Wy, respec-
tively. Moreover, let f{h,r € V() denote the natural zero extensions of Ry . Then we
define

Vg = VDhyr + ThWh e + f{h,r for all r such that Q, € ¥;. (4.4)

Step 2: Decompose vy on all the polyhedra in 3.
Consider a subdomain €2, from 3. Without loss of generality, assume that there are
only two polyhedra €., and €, in ¥ such that Q,, N Q, # (. Set

V;;T =Vh,r — (Vi + Vhr,) on Q. (4.5)
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It is easy to see that A(v} ) =0 for e C I',. Then by Proposition 4.1 and Theorem 3.1
in [18], there exist p;, . € Zx(2), W} . € (Zn(9))? and R}, € V4(9;) having zero degrees
of freedom on I', such that

* * * *
Ve = VDh, tTpWy, . + Ry, on Q. (4.6)
Moreover, we have

[WhrllLa, Slog(l/h)|lcurl vy o, [Wh.lloo, + [1Ph 0. S log(1/R)|[vh o, (4.7)
and

W R lloe, < log(1/h)|lcurl vy, o, (4.8)

Now we can define the decomposition of v, on €, € X9 as

2 2
Vhr = V(p;(m“ + Zﬁhﬂ”l) + rh(w?‘z,r + thﬂﬁ) + RZ,,T‘ + Z Rhﬂ”l : (49)

1=1 1=1 1=1
Let pj, . € Zp(2) and wj, . € (Zr(£2))? denote the stable extensions of P, and wj

respectively. Besides, let R}‘” € V() denote the standard extension of R}, . by zero onto
1. Since p; ., wj . and Rj , have the zero degrees of freedom on I'., by Lemma 5.1 the

extensions ﬁfw’ v~v}"w and f{}"” vanish on every §; € ¥1. Then we set
Vi = VD, +ThWp . + f{",;r for all r such that £, € ¥s. (4.10)

Step 3: Obtain the final desired decomposition of vy.

We now consider the index [ > 3, and assume that the decompositions of vj on all
polyhedra belonging to 7 o, -+, 3;_1 are done as in Steps 1 and 2. Next, we will build
up a decomposition of v in all subdomains €, € X;.

For the ease of notation, we introduce two index sets:

Ab={i; 1<i<n suchthat 9Q; N Y, # 0},
A= {5 g+ 1< <y such that 99199, £ 0}.

»=Vhy — thz Z Vhi ) (4.11)

lEAl ZGAi 1

Define

By the definitions of v, ; and \7}‘;,1-, we know A, (v,”;r) =0 for all e C I';.. So by Proposition
4.1 and Theorem 3.1 in [18], one can find p}, , € Z,(€2), and wj, . € (Zh(Q,))? and R}, €
Vi (€2) such that

Vir = VDp, +1pwy . + Ry on Q. (4.12)

and they have the zero degrees of freedom on I',.. Moreover, we have

Wil < log(1/h)]|curl vy, +phrllie. S log(1/h)[[vh ,llo.0, (4.13)

[Wh

and
LIRS Moo, S log(1/h)|lcurlvy o, (4.14)

Using (4.11) and (4.12)), we have the following decomposition for vj on each €2, € ¥; :

Ve = VOh,+ > Brit D Bh)t Wi+ D> Whit Y Wi

€A} ieAl? €A} ieAl?
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+ RZ,T+ZRh,i+ Z f{;‘” on ,. (4.15)
i€AL ieAl?

As it was done in Steps 1 and 2, we can extend p;‘L’T, W;’T and RZ’T onto the entire
domain €2 to get p; ., W; . and 15{7”. Then, by Lemma 5.1, the extensions p; ., w; . and
f{}"w vanish on every ; € X; for 1 < j <[ — 1. Then we define

Ve = VDp,y +ThWp . + f{;‘”, for all r such that €, € X;. (4.16)

It is clear that Ac(v; ) =0 for all e € T',.
Continuing with the above procedure for all I’s till [ = m, we will have built up the

decomposition of v, over all the subdomains €21, €9, ..., Q, such that
ni N,
V= Vnet > Vi, =Vppt+raw, + Ry (4.17)
r=ni+1

where pj, € Z,(Q), wi, € (Zn(Q))3 and Ry, € V() are given by

ph—zphr+ Z Phyrs Wh—ZWhH- Z Whr (4.18)

r=ni1+1 r=ni+1

and

Rh—ZRhT+ Z R, (4.19)

r=ni+1

Remark 4.1 We would like to emphasize that, for each Q, € ¥; (2 <1 < m), the extensions
phw Whr and th vanish on every ; € ¥; for 1 < j <1—1. Otherwise, the decomposition
do not valid yet. This is why we hcwe to, in Theorem 3.1 (and Theorem 4.1) in [18],
requzre that wy, pn, (and Ry) vanish on I'. This is also the reason that we have to build
various “complex” decompositions and have not simply used the standard reqular Helmholtz
decomposition in each subdomain .. For example, we can not require the function ® defined
in the standard reqular Helmholtz decomposition vanishes on an edge E (comparing Lemma

3.1 in [18)).

4.2 Stability of the decomposition

In this subsection, we are devoted to the proof of the stability estimates in Theorem
based on the Helmholtz decomposition defined in the previous subsection.
For a polyhedron Q, € 3; (I > 2), define

AD(a)={i; ey and 4uNQ #0} 1<j<i-1).

Notice that Agj)(a) may be an empty set for some j. For such ,, we use L,(a) to denote
the number of all the non-empty sets quj )(a). Without loss of generality, we assume that
the sets A,(ﬂj)(a) are non-empty for j =1,---, L.(a).

As in [19], we can prove the following auxiliary result by induction, together with -

(3. (D-{F) ana (L13-(C10).
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Lemma 4.2 For any subdomain Q, from ¥; (1 > 2), let v . be defined as in Steps 2 and
3 for the construction of the decomposition of any vy, € V() in Subsection . Then vy, .
admits the following estimates

Ly(a)
leurl vy, llog, < leurlvillog, + Y log®(1/h) > lcurlvy|log, (4.20)
J=1 ieAY (a)
and
Ly(a)
Vi llog, S lvallog, + Y log™ (1/h) > |[Valleurto;- (4.21)
g=1 €AY (a)

i

Proof of Theorem We are now ready to show Theorem We start with the
estimate of ||Wh|]§{1mr) for each subdomain €, in X1, i.e., 1 < r < ny. For such case, we

have wp|o, = Wy, with wy,, being defined by (4.1) (note that any two of the subdomains
Qq,--+,Q,, do not intersect). Then, it follows by (4.2) that

1
%,Qr = log2(1/h)|]a§curl vh||aﬂr. (4.22)

1
IWhllZ 0,y S log®(1/h)[loz curl vy,

Next, we consider all the subdomains €2, in 5. As in Step 2 of the construction of the
stable decomposition for vy, we assume that €2, intersects only two subdomains €2, and
Q,, in 27. Then we have

Wh|Q7 = “NI?L,T’ + (“Nlhvrl + Wharz)’QT'

By the triangle inequality,

IWallto. S 1Wh el + [[Whe o, + [War 10, (4.23)

Since wj, . = wj . on Q,, we get by (4.7)
10, S log(1/h)|curl vy . [0, -

Plugging this inequality and (4.2) (with r = r1,7r2) in (4.23]), and using (4.20]) for | = 2,

leads to

I

2

Iwnlle, S log(1/h)[curlvallog, +log*(1/h) Y _ [lcurlvalog, - (4.24)
j=1

Then by inserting the coefficient «, we readily have for all subdomains €2, € X5 that

2

1 1 1
o [willie, S log(1/h)|af curlvyflog, +1og?(1/h) ) llaf curlvyfog,,
j=1
1 5 2
S log(1/h)||af curl vy |00, + log (l/h)z \|a,?jcurlvhH07QTj. (4.25)
j=1

Here we have used the fact that o, < r;, which comes from the definitions of ¥ and 5.
Finally we consider all the subdomains 2, from the general class ¥; with [ > 3. By the
definition of wy, (see (4.18))), we have for wy, in Q,

Wh=Wihat Y Wit Y Wi (4.26)

i€A} ieAl !
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Then

Iwnllig, S IwWislie, + D IWnillie, + D [1Wi,lie,- (4.27)

i€A} icAl!

By Lemma 4.1, we have

Lo, Slog(1/h)|whllie, (i€ Ay)

Wil

and

[Wh,

Lo, Slog(1/h)|wh illue, (i€ ATY).
This, together with (4.2]) and (4.7, leads to

IWnallia, < log2(1/h)eurl vy, (i€ A))

and
W} il < log*(1/h)|curl vy j[lie, (i€ ALY,

Substituting (4.13]) and the above two inequalities into (4.27)), yields

[whll1e, < log(1/h)lcurlvy |10,
+ log2(1/h)z||curlvhH17Qi+log2(1/h) Z [curlvy ;ll1,0,. (4.28)

ieAl ieAlt

But, from (4.20) we have
Li(a)

[curl vy ;llo.o, < lleurlvy|loq, + Z log® (1/h) Z lcurlvy|joq, (=17 or i€ A7),
j=1 keAY (a)

Then we further deduce from (4.28)) that

Ly(a)
Iwlle. < log(1/h)llcurlvallog, + Y log¥*(1/h) ) eurlva|og,.
7=l ieA?) (a)

Inserting the coefficient . in the above inequality and using the relation a, < «; (for
i€ Asaj)(a)) gives

1 1
ar |[welli,0, S log(l/h)|af curl vy,

~ 0,2
Lr(a) , 1
+ ) log¥ T (1/h) Y [laZeur] v logq,-
7=l ieA? (a)

It is clear that the set AY )(a) contains only a few indices i and L,(a) is a finite number.
Summing up the above estimate with the ones in (4.22)) and (4.25]), we obtain

Ny 1
Yo arlwilio, S log’(1/h)[aZcurl vyl q
r=1

No  Lr(a) L
+ >0 > 10g?@ (/R Y [aZeurl v g,
r=ntl =l €AY (a)
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No 1
Slog?™(1/h) Y |lazcurl v4 5 g, (4.29)

r=1

where m = max (2L,(a) + 1). It follows by (4.29)) that
1<r<No

No
1 1
O arlwallig,)? $log™(1/h)|lazcurlvyjoq.
r=1

In an analogous way, but using (4.21)) and Assumption 3.1, we can verify
1 1
18z whllo.: llerllmy@) < 182 Vallog-:

The term || R4 ||, (0, ¢an be estimated more easily. This completes the proof of Theorem

Remark 4.2 In the proof of Theorem 3.1, we need not to use Assumption 3.2. This

thanks the L? stability estimates in , and , which come from the second
estimate in Theorem 3.1 of [18].

5 Analysis for the general case

In this section, we give an exact definition of the space V;*(£2) in Subsubsection 3.3.2 and
present a proof of Theorem 3.2.

Let S5, and 3%, be the two sets defined in Remark 3.1 for a weird vertex v. Define
% = Uvey, Sy and Q¢ = Uyey, S, When there is no weird vertex, we have §¢ = (). In
general there are some non-weird vertices in N (Q)UN(9Q), i.e., & = {102, \(SEUSE) # 0.

Let T, C 092, be the set defined at the beginning of Section 4. This set has the following
property
Proposition 5.1. For each 2, € St U S, the set T, does not contain any isolated vertex,
i.e., I'; is a union of faces and edges only.
Proof. Let Q, € 3% and v be an isolated vertex in I',. By the definition of I',, there is a
polyhedron € satisfying oy > o, such that Q,,N€; = v. On the other hand, since Q, € RS
by the definition of 35, there exists another polyhedron € satisfying oy > . such that the
intersection €2, N Qp contains the vertex v, but it is a face or an edge of ,. This means
that v is not an isolated vertex, which belongs to the common face or common edge of €2,
and Qp. When Q, € @, the conclusion can be proved in a similar way since each vertex of
Q, is not a weird vertex. i

If there is no weird vertex, then we have J§, = 0 and so % U S = {Qk}kNil, which
means that Proposition 5.1 holds for all polyhedra €),.. Then, by Proposition 5.1 and
Theorem 4.1 in [I8], we can establish the desired Helmholtz decomposition as in Section 4.
This inspires us to construct discrete Helmholtz decompositions on the polyhedra belonging
to J¢ and 3% U S separately. For simplicity of exposition, we assume that each polyhedron
Q, € S satisfies the condition: when Q, N Q, # () for some Q. € 3¢, we have o, < .
Under the assumption, we can first construct a desired Helmholtz decomposition on all the
polyhedra in ¢ and then do this on the polyhedra in 3% US. Otherwise, we need to consider
the polyhedra that do not satisfy this condition before building the decomposition on the
polyhedra in ¢ but will not change the main ideas in the analysis.

We use the same notations as in Subsubsection 3.3.2. Without loss of generality, we
assume that ny = 2 for any v € V¥ and ny = 1 for any v € V2. Then n, just equals the
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number of all the weird vertices (1 < ny < Ny—1). For more general case, we need to slightly
change definitions of the functionals {F;} (refer to Theorem 5.3 in [I§]). Furthermore, we
assume that

Vi —{vy,--,Vp,_1} and V2= {v,.}.

For convenience, we write all the polyhedrons in 3¢ as £24,---,8,, and assume that €;
and ;1 are two neighboring polyhedra with Q; N Q41 = V; (i =1,---,ny — 1) and
Qn, NOQ = vy, but Q;NQ; =0 if |j — 4| > 2. Let Ds be the union of all the polyhedra in
3¢, ie., Dy = U?:Slﬁi, then Dy C ) is a non-Lipchitz domain.

For Q;, we choose a face Fy satisfying vi € Fi C 0§21 and define functions Cpp, and

dor, as

1 l; t
C@Fl = E /0 (Vh . t8F1)(S) ds, gf)apl (t) = /0 (Vh . tapl — 08F1)(5)d5 + c1, Vt S [0, ll] y

where [y is the length of OF; and t = 0 (and ¢t = [1) corresponds the vertex vi. The constant

c1 is chosen such that vg(¢gr,) = 0, where E C OF; is an edge or a union of several edges.
(i-1)

But, for each €); with i = 2,---,ng, in general we need to choose two faces F; and

@

7

B0

i
same face of €);, where we need to replace F
functions Cyyo) and ¢,-a) (l=1i-1,7) by

1
C. ==
oF I /0

where lgl) is the length of aF§l> andt =0 (and t = lz(l)) corresponds the vertex v; (I =i—1,1).
@

()

C 0Q; (I =1—1,i) except that v,_; and v; is just two vertices of a
(i-1) (4)

7 %

satisfying v; € F

and F;” by this face. Similarly, we define

1o t
(Vityp)(s)ds, b, (t) = /O (Vi by —Cop) (s)ds+c” v € [0,1],

The constant ¢, is chosen such that yg(¢, 1)) = 0 with E C 8FZ@ being an edge or a union

or!)
of some edges.

Now we define the functional as follows
Fivi = dppo (V1) = dory (V1),  Fiva = %FEQI(W) — Ppo (Vi) (0=2,-,ns — 1)
and Fn Vi, = ¢ rine) (Vi ). With these functionals, we define the space
Vi) ={vhp e Va(Q): Fivp=0 for I =1, ,ng}.

As pointed out in Subsubsection 3.3.2, the key ingredient is the codimension n4 of the space
V¥ (€) instead of the space itself. In fact, there may be different choices of the functionals
{F:} in the definition of this space.

Proof of Theorem 3.2. The proof is divided into three steps.
Step 1. Define a decomposition of v;, € V;*(£2) on the non-Lipchitz domain Ds.

As in the proof of Lemma 4.3 in [I8], we define extension functions é\/l and ngl of
Cor, and ¢pr, (regarding 2 and v; as G and v in that lemma). Similarly, we define the
(I =i —1,4), respectively. Here, the values of

Z(-l) and we have C~’£,ZZ) =0 at vy

extensions ngz and C’\(;l) of ¢8F(.l) and CaF(l)

these extensions vanish at all the nodes in ); except on JF
(l=1—1,17). Define
\A/g) = Vh|Q1 — (V¢V1 + rhC\/l) on () (5.1)
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and

v =vala, — (Vo0 +1hCF )= (VO + 1, CY) on @ (i=2,,n).  (5.2)

i—1 %

Then we have )\e(\?él)) = (0 for any e C OF1 by the definitions of QNSVI and é\/1~ Similarly, we

(i @

have )\e(\?h)) =0 forany e C OF;’ (i =2,---,ns1l =1—1,4). Thus we can use Corollary

4.1 in [18] for \7,(:) to build a decomposition of v, |, as
v = vp® 4w +RY on @ (1=1,2,-,n), (5.3)

where the finite element functions p;f), ng) and RE:) have the zero degrees of freedom on
0]

OF; (for i =1) or on OF;’ (i =2,---,ng 1 =1—1,4i). Define a function p; as follows

p}i:p;(zlhrq;vl on y; ping)Jr(ZE@lJrégz on Q; (1=2,--,ng).

Similarly, we can define two functions wj and Rj. Then we have pf|a, € Zx(%), W}lo, €
(Zn($%))? and R |q, € V4(S%) for i = 1,2,---,ns. Moreover, the function w; vanishes at
all the vertices {Vv;} by its definition, and the function p; vanishes at v, and is continuous
at the vertices vq,---,Vy,_1 by the assumption v;, € V(). Combining —, we get
a decomposition

vy, =Vp;, +rpwi; +R; on Ds. (5.4)

Moreover, the following estimates hold by the proof of Lemma 4.3 of [1§]

[PRll1e, < Clog(1/h)[|valleurto; (5.5)
Wil < Clog(1/h)|lcurl vi[jo0, (5.6)
and
h RS o, < Clog(1/h)|curlvy oo, (5.7)
for i = 1,---,n,. Here, the complete norm ||p; ||1,o, is bounded with a logarithmic factor

thanks the assumption v; € V;*(9).
Step 2. Build a decomposition of vj, € V;*(€2) on the global domain 2.

For a polyhedron G € 3% U S, define an extension W} | as follows: W} = wj on U?:SIQZ-;
w; vanishes at all the nodes on 0G\ U}, ;; W} is discrete harmonic in G. It is clear that,
when G N (U*,9Q;) = 0, we have wj = 0 on G. Similarly, we can define an extension pj
of p§. Let R be the natural zero extension of R§. Then 5} € Z,(Q), W} € (Zx())? and
R; € V;,(Q). Define

v =v, — (VP +rpw; +Rj) on Q. (5.8)

Then v} vanishes on Dy. As in Section 4, we can build a decomposition of v} on Q\Dj
by Proposition 5.1 and Theorem 4.1 of [18] (but here we cannot use Theorem 3.1 in [I§]
since edges may be contained in I';)

vy = Vp; +rywi; +Rp on Q\Dq, (5.9)

where p;, w; and R} have the zero degrees of freedom on G N Dy for each G € 3 U 3.
Then we can naturally define their zero extension functions p;, w; and Rj and have the

decomposition by (5.9)) )
vy =Vp;, +rpwr, + R on Q. (5.10)
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Moreover, the following estimates hold

151|713 () < C'log™ /W)l e (eurt,0)» (5.11)
W1 () < Clog™ (1/h)||eurl vi|| 22 o) (5.12)

and )
W IR ) < Clog™ (1/h)leurl vi | 2 . (5.13)

Here the exponent m’ is in general smaller than the exponent m in Theorem 3.1 since the
number of subdomains Q; C Q\Dj is smaller than Ny. Combining (5.8]) with ( -, we
obtain the final decomposition

v, = V(B + B}) +rh(Wh + W) + (R, + Rj) = Vo, + 1wy, + Ry, on Q (5.14)

with py, € Z,(Q), wy € (Z,(Q))? and Ry, € V3 (Q).
Step 3. Verify the weighted stability of the discrete Helmholtz decomposition.
Let G be a polyhedron in §% US. By the stability of the discrete harmonic extensions and
the “face” lemma and “edge” lemma , we can deduce that (see the proof of Theorem 3.1 in
[18])

15516 S log(1/h) > lIphllve;

QNG#D

and

IWilhe Slog(1/h) > |

QNG#D

for any G € SF U S. Let ag and Bc denote the restrictions of the coefficients on the
polyhedron G. Then, by the above two inequalities, together with 1’1 , we get

1
BE b, (5.15)
QmG;éQ) QnG;é(Z)
and
1 1 1
lagVWwilloe + 182Willoe S log(1/h) Y oflwilie,
Q;NGH#D
1
< log*(1/h) Y lefcurlvy|og,. (5.16)
Q;NG#D

Here we have used the assumptions ag < «; (which was explained after Proposition 5.1),
Ba < B (see Assumption 3.1) and 5; < «; (see Assumption 3.2). Similarly, we have

1 1 1
WtagRiloe S h~tog(1/h) Y [lafR;, 21/h) Y llafcurlvafog,.

Combining (5.8]) with ( - - yields

”V;’kLHH*(CuI‘I, Q)

(5.17)

S ”vhHH*(curl, Q) + Hvﬁi + rhwi + R?L”H*(Curl, Q)
5 1OgQ(l/h)HVhHH*(curl7 Q)

and

leurlvilla@ S lleurlvilpz o) + leurleaw) + B3z o)

~
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< log?(1/h)||curl vyl z2 @)

Substituting this into (5.11))-(5.13) and using the estimates (5.5)-(5.7), we can obtain the

estimates
1|71y (0) < C'log™ P2/ D) Vil curt, 0)s (5.18)
[Whll 1 () < Clog™ *2(1/h)|lcurl vy 12 ) (5.19)
and
WY Rz o) < Clog™ +2(1/h) leurl vz o). (5.20)

This implies that Theorem 3.2 is valid with m = m’ + 2. If there is no weird vertex, we
have V;*(©2) = V4 (Q) and Ds = (). Then Step 1 in the above proof is unnecessary, and the
exponent m’ 4 2 in the final estimates should be replaced with m/. i

Remark 5.1 In the proof of Theorem 3.2, we cannot use Theorem 3.1 of [18] to get the L?
stability as in Section 4 since I'y, may contain some edges of Q.. Because of this, we have
to use Theorem 4.1 of [18] and require Assumption 3.2 to be satisfied.
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