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Abstract
A high order finite difference-spectral method is derived for solving space fractional diffusion equa-
tions, by combining the second order finite difference method in time and the spectral Galerkin
method in space. The stability and error estimates of the temporal semidiscrete scheme are rigorously
discussed. Then the convergence order of this proposed method is proved to be O(72 + N®~™) in L2-
norm, where 7, N, « and m are the time step size, polynomial degree, fractional derivative index and
regularity of the exact solution respectively. Numerical experiments are carried out to demonstrate

the theoretical analysis.

Keywords: Space fractional diffusion equation; Crank-Nicolson scheme; Spectral method; Stability;

Convergence.

1 Introduction

Fractional calculus has gained considerable popularity and importance due to its attractive applica-
tions as a new modeling tool in an variety of scientific and engineering fields, such as viscoelasticity
[9], hydrology [2, 3], finance [8, 12, 14], and system control [13]. These fractional models, described
in the form of fractional differential equations, tend to be much more appropriate for the description
of memory and hereditary properties of various materials and processes than the traditional integer-
order models [16]. In particular, modeling of anomalous diffusion in a specific type of porous medium
is one of the most significant applications of fractional derivatives [2, 3].

In the last decade, a number of numerical methods have been developed to solve the space fractional
diffusion equation, the time fractional diffusion equation, and the time-space fractional one (see, e.g.,
[7, 17, 21, 22, 23, 25]). A most classical one for the space fractional diffusion equation is the second
order fractional Crank-Nicolson method proposed by Tadjeran et al. in [19, 20], where the Richardson
extrapolation technique is used to the first order shift Griinwald formula for space fractional derivative.
An interesting 2 — v (0 < v < 1) order scheme in temporal direction for the time fractional diffusion
equation was constructed by Lin and Xu [11], and Sun and Wu [18] respectively. But when v — 1,
this scheme would become backward Euler method, and also the order would reduce to only 1.

In addition, to obtain the variational formulation of fractional differential equations, Ervin and
Roop [5] originally introduced some fractional derivative spaces and their norms. Based on these
fractional spaces, finite element method [4, 6, 24] and spectral method [10] are designed for fractional

diffusion equations. In [6], Ervin et al. provided a forward Euler difference-finite element method
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to solve the one-dimension space fractional diffusion equation, and thus the accuracy in temporal
direction had first order convergence. A time-space spectral method for the time fractional diffusion
equation was discussed by Li and Xu in [10], this method had spectral accuracy both in time and
space.

This paper devotes to design a new high order numerical method for the following space fractional

diffusion equation
ou(z,t)
ot
equipped with initial-boundary conditions u(x,0) = ¢(x), u(—1,t) = u(1,t) = 0, where Q = (-1, 1),

I = (0,7, diffusion coefficient a > 0, fractional derivative index 0.5 < a < 1. BED2u(x,t) is the

— a® D2 u(x,t) = f(x,t), x €t e, (1)

space left Riemann-Liouville fractional derivative of u(z,t) defined as
RLDu(x,t) = _t 4 /m (z — s)"“u(s, t)ds,
Nl—oa)dx J_,
where I'(+) is the Gamma function.

Specifically, we will use central finite difference to discrete the time partial derivative and exploit the
spectral Galerkin method to approximate the space fractional derivative. Based on these discretization
methods, a high order numerical method with second order convergence in time and spectral accuracy
in space will be obtained.

Since our new numerical method based on variational formulation, the right Riemann-Liouville

fractional derivative BLD§u(z,t), defined as follows, will be used.

-1 d [* Cu
m%/x(s—x) u(s, t)ds.

In fact, the proposed method can also be applied to solve following two-dimensional space fractional

DY u(x,t) =

diffusion equation

ou(z,y,t)
ot

with b > 0 and 0.5 < § < 1 or even three-dimensional fractional ones. Due to the similarity in

— a®ID2u(x, y,t) — BRIDZ u(z, y,t) = f(z,y, 1),

theoretical analysis, we will focus on the numerical analysis of the one-dimensional case (1).

The rest of this paper is organized as follows. In Section 2 we introduce some fractional derivative
spaces and some basic properties of fractional derivative. The temporal discretization of (1) is discussed
in Section 3. Section 4 is devoted to analyze the stability and convergence of the semidiscrete form.
In Section 5, we derive the full discretization of space fractional diffusion equation, and the error
estimates with two different norms are obtained. Numerical experiments are carried out in Section 6,
which verify the effectiveness of our method and support the theoretical analysis. Final section is the

concluding remarks.

2 Preparation

In this section, we introduce four kinds of fractional derivative spaces and their corresponding norms;
for more detailed discussions, one can refer to [5, 10]. And some basic properties of fractional deriva-
tive, which will be used in following sections, are given. For simplicity, we use the expression b; < bg
to mean that b; < cbe, where c¢ is a positive constant, which is independent of all discretization

parameters, but possibly with different values at different places.



Definition 2.1 Let u > 0. Define the seminorm

|f (@)@ = I2DLSf (@) 2@

and the norm )
3

Hf(x)HJ;(Q) = (Hf(x)HQN(Q) + |f(I)|?1;(Q)) )

and denote Ji'(2) as the closure of C§°(Q) with respect to || - || ju(qy, where C§°(Q) is the space of

smooth functions with compact support in ).
Definition 2.2 Let p > 0. Define the seminorm

f(@)] s = IRFDE (@) |22 (0

and the norm

-

2

1@l = (@3 + 1 @)

and let Ji () denote the closure of C§° () with respect to || - .7 () -
Definition 2.3 Let u >0, p#n— %, n € N. We define the seminorm

[f(@)] gm0y = | (FDLSf (), FDY f(x) |2

and the norm )
3

1@y = (1F@) 20 + 1@ s )

Then we define J4(2) as the closure of C§° () with respect to || - .72
Definition 2.4 Let p > 0. Define the seminorm

|f (@) me ) = @l fllL2 )

and the norm )
2
1@ = (1712 + 1 By

where [ is the Fourier transformation of function f(z). And Let H*(R) be the closure of space C§°(R)

with respect to norm || - || gu(x) -

For the bounded interval 2, we can introduce following space

H"(Q) = {f € L*(Q)|3f € H'R), flo = [}

and norm
[ fllzu@y = inf_ Nl e () s
feHH(R), fla=f
and H{(2) denote the closure of C§°(€2) with respect to norm || - || gu(q).

For any f € C§°(Q), let f be the extension of f by zero outside . Then we have
Property 2.1 For p > 0, it holds that

(BEDLf(2), FEDY f(2)) = (RE DL (), REDL, f(2)) = cos(mp)|R¥DLS ()13 (0.



Maybe the spaces and the norms defined above seem tedious, but interestingly the equivalences of

these spaces can be established.

Lemma 2.1 Let >0, p#n— 1%, neN. These spaces J1(2), J5(Q), J5(Q), and H{ () are equal

in the sense that their seminorms as well as norms are equivalent.

Property 2.2 For 0 < s < pu, we know

|f ()

7@ S @) e and |f(@)] 55,0 S [F(@)]1n 0

For the proofs of all above results, we can see [5, 10]. As is well known that the unconditional
semigroup property of fractional Riemann-Liouville operator does not hold. However, we can obtain

the following additivity for fractional Riemann-Liouville operator under a weak assumption on function

().
Lemma 2.2 For 0 < 8,7 < 1, if f(z) € HY(Q), then

MDY MDY () = BYDET f(x).
Proof. According to the definition of fractional derivative,

d * _ d s B
R{'DE'R%le(x)—mfl(x—s) ﬁm/l(s—ﬂ Y f(r)drds.

We interchange the order of integration, obtaining
BDg - MDY f (o)

= d I‘T—S*ﬁ s (= SS—T”Y’T 7| ds
~ rimran | -9 [ s [ = d

_ f(_l)x7ﬁ77 d ¢ Tr—T 1-6—v /7_ T
B F(1—6—7)+F(2—6—7)dz/71( ) i

d
s @) P f(r)dr 0< By <1
_ (1 —ﬁdQ— ~v)dx i

e 5@
= MDY@, O

@ =) f(r)dr, 1< B+ <2

Following lemma is very important and will be used in the process of deducting variational formu-

lation of space fractional diffusion equation.

Lemma 2.3 For 0 < p < 1, then from [16], we have

1 1
[ @) (D29 do = [ gle) (DL f(w) da,
—1

-1

where f(z), g(z), BEDLg(x) and BYDY f(z) are all belong to L?(9).



3 Temporal discretization

Rewrite the space fractional diffusion equation Eq.(1) with its initial-boundary conditions

0 t
QLD mEDZue,t) = (1), 20, e T,

u(z,0) = ¢(z), x €0 (2)
u(—1,t) =u(l,t) =0, t € I.

For the finite difference of temporal direction, let t; =ir, ¢ =0,1,--- M, 7= % is the time step
t; t;
size, and denote £;, 1 = %ﬁ Now we consider Eq.(2) on line (z,;, 1), namely
ou(x,t;, 1)
RLTH2
TZ —aZyDi%u(x, tz‘+%) = flz, tz‘+%)- (3)

Using following difference approximations,

8u(x7ti+%) u(x,tiJrl) - U(I,tn)

ot - T - Bi(@)r,
t; st ;
oty y) = MR R

where Ri(x)7? and R}(x)7? are the truncation errors, we discretize Eq.(3), namely

u(x,t; —u(z,t; u(x,t; + u(x, t; 1 ,
( 1+1)T ( Z) _ali({_,Di ( 1+1)2 ( 1) — feré —I—Rl(x)TQ, (4)
where fitz = fl@,tii1), Ri(x) = Ri(x) — aByDE*Ri(z). Obviously, assume that u(,t) is smooth
enough, then there exists a constant ¢ such that |R!(z)| < c.
In fact, this discretization idea is similar to the treatment of classical Crank-Nicolson method in
temporal direction.

Now rearranging Eq.(4) as follows

u(z, tip1) — %IE%D?(QU(%, tiv1) = ulx,t;)+ %—E{{‘Dio‘u(x,ti)
+rfHE 4 Ri(2)r, (5)

Omitting the truncation term Ri(x)73 in Eq.(5), we obtain the semidiscrete scheme of Eq.(2)

: aTt ; ; aT : 1
utt — 75‘{‘D§0‘u1+1 =u'+ 71}{_,]:))2((1”1 +rfite, (6)
where u*T1 represents the approximation of u(x,t;y1).

For the first step, i.e., ¢ = 0, the semidiscrete problem becomes

5 DY 7 (™)
with the boundary value condition u*(—1) = u!(1) = 0.
When ¢ > 1, the semidiscrete problem is
u'tt — a—;f,{{‘Dio‘uiH =u'+ %lf%Diaui +rfite, (8)
with the boundary value condition u‘*1(—1) = u**1(1) = 0.
Thus Eq.(7) and Eq.(8) combined with their boundary conditions form a complete set of the

semidiscrete problem.



Multiplying the Eq.(6) by a function v € H§ (), integrating over the interval 2, and by Lemmas
2.2 and 2.3, we obtain the variational formulation as follows, i.e., find a u'™ € H§(Q2) such that

aT

i+l
(u ) 'U) 2

(B¥Dgu !, BDgo) = (ul,v) + 5 (R¥Dgu’, BED§0) + 7(f74,0), Yo € HE(Q). (9)

Next we will prove the existence and unique of solution for Problem (9). We first define a new

norm for 0.5 < pu < 1

1
2

ar
1@z = (1 @32 — 5 (B¥DLF(@), 2Dl (@) )
Obviously, for a fixed time step size 7, || - || (q) is equivalent to || - || ju () and || - [| s (q)-
We assume that u/ (j =0,1,---,4) are known and u**! is unknown, and let
i+1 _ i+1 47T RLya, i+1 RLya
B(u ,1)) - (u 5”)_7(—1Dxu )X Dlv)a
g = u't GRIDYW o, (10)
and
F(v) = (g,v)
Then the simplified form of Problem (9) reads
B(u™t v) = F(v), Yv € H (). (11)

It can be easily checked that F is continuous over H§'(2). In order to guarantee Problem (11)
admits a unique solution, by means of the Lax-Milgram theorem we only need to prove the coercivity

and continuity of bilinear form B(-,-). According to the non-negativity of norm || - [ je(q), we know

aT

B(v,v) = (v,v) — 5

(IE%DQ':U’ELD?”) = ||U|‘3g(sz) >0,

ie., B(-,-) is coercive over H{ ().

Lemma 3.1 The bilinear form B(-,-) is continuous over H§(Q) x H§ (), namely
|B(u,v)| < l[ullse@llvllie@)-

Proof.

5

« « ar « «
[Blu,v)| = |(w,0) = 5 (CrDgu, Do) | = |(u,v)] + o (ErDgu, Div) |

S ullellvllze @) + Tlulse @ vl e @)

S ullsg@llvllige- O
4 Stability and convergence of the semidiscrete form

Before carrying out the related analysis, we establish following lemma.

Lemma 4.1 For 0.5 < a < 1 and 7 sufficiently small, if B} D2 f(z) € L?(Q) and f(z) € HF(Q),
then

aT o
| f (=) + EB{“Di F@)zz2) < I1f(@)]z20)-



Proof. By Property 2.1 and notice that 0.5 < o < 1, we find that the term (E{:{‘D;‘c‘f(x), ELD‘i‘f(x))
is negative. Thus, for 7 sufficiently small

| £(@) + 5D (@) 220y
(fw>+—18%D%v<>f<>+—15£DMf<0

(f(2), f(2)) + a7 (BYDg f(2), F¥DT f(2)) + O(7?)

(f(z), f(z)).

IN

)
)

IN

Next let’s consider the stability of the semidiscrete problem.

Theorem 4.1 For 7 sufficiently small , the Problem (9) is stable, and it holds
f|lu ZHHJQ(Q < NNl 22y + TN fll o rz2()), =0,1,--+, M —1.
Proof. For ¢ = 0, Problem (9) reads
1 4T ‘RLpye, 1 RLTya 0 4T ‘RL1ye, 0 RLTya 1 @

(u,v) — > (BIDgu', Dv) = (u,v) + > (D, Do) + 7 (f?,v) , Yv e Hg(Q)

Taking v = u', then for the left-hand side
HU1H2 _ (ul ul) _ar (RLDaul RLDaul)
Ja&(Q) — ’ ) -1x" rx 1 .

For the right-hand side, according to Lemma 4.1, we have

0,1 4T ‘RL1ye, 0 RLMya,,l 11
|(u U )+7 (—leu ’ X Dlu )+T(f2au ) |
[+ S RIDZ0, ut) + 7 (12,0t |

1
@l 2oy bl 2y + I 2 2@ lut Loz

IN

IN

1
HUOHL2(Q)||U1||Jg(sz) + 7l f2 HL2(Q)HU1HJg(Q)-

Together above estimates show

1
lutllsa) < Nulllz2@) + 712 20
Furthermore, when ¢ > 1, it can be easily checked that

} , 1
||Ul+1||Jg(Q) < u'llz2@) + 72 220

By the recurrence relation, we obtain
i
, i1
[u ey < lulllza@) +7 Y 1F 2 2@
j=0
Thus, the following result holds

| l+1||1ﬂ(sz <Nl r2) + Tl e (r;2 ()

which completes the proof. [
Now we turn to prove the following error estimate between the solutions of the semidiscrete and

continuous problems.



Theorem 4.2 Let u(x,t) and {u'}M, the solutions of Problems (5) and (9) respectively, then the
following error estimate holds

lert? | 7e(0) < I7?,

where ¢ is a constant, and et = u(x, ') — 't i =0,1,--- M — 1.

Proof. When i = 0, combining (5) and (9) leads to

L) = 5 (BEDge DY) = (¢, 0) + 5 (MPDRe, D) + (R (@), v).

(e 5

Taking v = e! and noticing €® = 0, then
le' e < cr’lletllzaie) < er’lle! e @),

where ¢ is a constant.

Thus we have

||61|\Jg(9) <er’.

Assume we have proven |[¢’|| ja(q) < ¢i?(i > 1), then

aT

i+l
(e, 0) - 2

(P_{{‘DzeHl,BLD%v) = (e',v) + a_27' (P_{}‘D;‘(‘ei,BLD%v) + (R (x),v).

Taking v = ¢! and using Lemma 4.1, we have

A

H6i+1||,2jg(sz) > HeiHL2(Q)||ei+1”L2(Q)+C7'3Hei+1”L2(Q)

IN

el L2y lle™ Ml sa (@) + em®lle™ H sac)-
Then we conclude
e e < lefllsg@) +em® <cir® +er’ = e(i+ 1)7° < eT7?. O

Theorems 4.1 and 4.2 guarantee we can carry out full discretization for semidiscrete Problem (9)

in next section.

5 Full discretization

As is known, the Galerkin spectral discretization proceeds by approximating the solution by the
polynomials of high degree. Thus, we introduce finite dimensional space Py (Q) = Py (Q) N H ()
where Py is the polynomial space in which the polynomial degree is less than or equal to N.

It’s well-known that the following optimal error estimate [15] for the interpolation polynomials

based on the Gauss-Lobatto points holds
[T INUiJrlHHM((l) < N#7m||ui+1”H7n(Q), for u't € H™(Q), 0 < p < m. (12)

Let ﬂé\'fl be the solution of the finite-dimensional variational problem, i.e., find a ﬂﬁd,‘l e PY(Q)
such that
B!, vy) = F(un), Y oy € Py(9). (13)



Theorem 5.1 Let u'™! be the solution of variational problem (11). The variational problem (13)

admits a unique solution and satisfies following inequality
™t —ai ) sa @) S N u | gm) + VENT [0 g e

Proof. Since P{ (1) is a subspace of H§(£2) and Problem (11) is well-posed, thus Problem (13) also

admits a unique solution. According to Ced’s lemma, it deduces that

[t — a3\Jrr1||Jg

A

inf |lu'tt
UNEP]%(Q)

< ONT W g ) + VINOT W .-

—onllsa@) S lu™ = Inu™H | jao

This completes the proof. [

In the following, we will use duality method to obtain the error estimates in L2-norm. First, two

regularity estimates are discussed which will be used for forthcoming analysis.

Lemma 5.1 Assume that u't! is the solution of Eq.(6) with its boundary conditions, then for g
defined in (10), following inequalities hold

A

Tl jae () lgll2co), a# -,

2\
INJ RISt
w

T|ui+1|Jé‘**5(Q) Hg||L2(Q)7 a=—, 0<e<=.

oo

Proof. Rewrite Eq.(6) as

i+1 a4t RLD2a i+l _

ut - oo =g.

RL D2a 1+1

We multiply the both sides of above equation by & and integrate over {2, then have

aT . . . . .
RLN2¢,,7+1 RLNW2a,,7+1) __ 1+1 RLN2«,,i+1 RLN2a,,i+1
5 (_ D%, 2y D%y )—(u , oD% u )—(g,_leu )

For the left-hand side, by Lemma 2.2, it deduces that

|(REDE D) |2 i

For the right-hand side, one can get
(04 B )|

| (g, ByDEu™) |

IN

[ 2o [0 g0 )

IN

||9HL2(Q) |UiJr1 |J§a(sz)-

Combining the estimates of both sides, we have

7|u +1|J20‘ Q) ~ S luf +1||L2 Q)|U o |J2a(sz +1lgllz2 Q)|U o |J2a(sz)
Furthermore,
™ ey S |22 @) + N9l 20
Notice that Hui+1||L2(Q) S gl r2(o), then
Tl j2e ) S llgllz2 ()
which completes the proof for a # %. For o = % and 0 <e < %, by Property 2.2, it holds
it+1

|u |120< Q) S < Ju't |Jga(sz)-

Then we can follow the similar way to prove the result. O



Theorem 5.2 Let uit! € HF(Q)NH™(Q) (a < m) and a4t solve Problems (11) and (13) respec-
tively, then if time step size T and polynomial degree N satisfy 7 = O(N~%), we have

S o 3
[u™ =@ 2@ S TN g (), o # T

~

o o 3 3
Hu1+1 —UE_IHH(Q) S FNoteE m”uerlHHm(Q), o= 17 O<e< g

Proof. Introduce the adjoint problem: find a w € H§ () such that

B(w,v) = (ut =Tt v), Yo e HS Q).

)

Now we deduce the case of a # %, the case for a = % is similar. By means of Lemma 5.1, w satisfies

the regularity estimate
Tl jae ) S '™ — iy 2o

Taking v = u't! — ﬂé\}"l and using the Galerkin orthogonality, we have

flu'tt — ~Z+1||L2 B(w,u™ — @) = B(w — Iyw,u™ — aih)

S w—Inw|se @l = ﬂiHHJa

S VN4 TN 2w 20 )’ H— UlHHJg(Q)
N /2 |W|Jg,a(sz)|\u —ﬂﬁ ||Jg(Q)

< VTt - aﬁle(Q)HUZH —uyt [l 7e(22)-

Thus according to Theorem 5.1, we conclude
Hui-{-l _ 17‘3’\4;1”[‘2 @ S \/—Huz-i-l aiJrl”]g(Q TN mHuH_lHHM(Q) 0

Let u’; be the numerical solution at time ¢; of the full discretization, namely {u% }}, satisfies

% ar o, i o
(Wit vuy) — 2 (REDouid!, BLDgyy)
= (uly,vn) + 7 (RLDau’}V,RLDIUN) + T(fi+%,’UN), Y un € PY(9). (14)
Now we deduce the error estimates for u(z, t;) — uly in two different norms || - || o (o) and || - || L2(q)-

Theorem 5.3 Let u(z,t) be the exact solution of Problem (2), and {u’}, solves Problem (14). If
w € HY I HS(Q) N H™(RQ)), then following error estimate holds

u(-t:) —unllsa@ S TE2+7 " max{ N~ VTIN")|ull g (1;1m())s @ = 1,2, , M.
Proof. We know that {u(x,t;)}M, satisfy
(u(-tir1), (RLD u( tit1)sx LDa )

v) —
= (u(t)v) + 5 (RLDa (1), BVDgo) + r(f7+3,0) + (R ()75, 0), ¥ v € HS(Q).

Let IT%, be the orthogonal projection operator from H§ () to Py () with respect to |- || g« (0), namely

(IX¥u(-, tig1), vn) — 7 (RLDQ ?\]u('ati-‘rl)u?L %UN)
aT 1
= (u(t;),vn) + 5 (BIDSu(-,t;), BEDYvy) + T(F73 un) + (R'()7,vn), Y oy € HE(Q).

10



Let &' = OQu(-, tip1) —u'iy' and e = u(-, t;11) — uif*. Subtracting (14) from above equation, it

becomes
(fém]\-}-l,vN) _ 7 (RLDaﬂ-i-l RLDa )
— (eﬁv,vN) + 7 (RLD;‘(‘ },SLDO‘ ) + (R'()73,uN), Yun € HF ().

Taking vy = ”éZJ'\J,rl and by Lemma 4.1, we have

IE5 ey < llenllzzq) +er?.
C
Using the triangular inequality and Theorem 5.1,

len a@ < lulstizn) = DRu tiy) sa@) + 18 ua@

< max{N " VTIN"|uf(, tiv)|lam ) + ||6NHL2 @ + >
< (4 1) + max{N"* VTIN*""|lul| poe (1,1 (02)))
S T 47 max{ N~ VT}N*"")ull (1,1 )

The proof is completed. [
Remark 5.1 From above theorem, the error estimate in || - || 12(q) can be roughly obtained as follows
lu t:) —uylrz S T+ 77 max{N" VIINT") ]| oo (1 (02)) -
If T = O(N~%) is assumed, then it deduces that
lu(ti) —uillrz) S T+ N2 ul| oo (rmm () -
However, using Theorem 5.2, we will obtain a better estimate in norm || - | 12(q)

Theorem 5.4 Let u(z,t) and {u’,}}, be the exact solutions of Problems (2) and (14) respectively.
Ifu e HY(I; HH(Q) N H™(Q)) and 7 = O(N~%), then the error estimates satisfy

4 a—m 3
fu(-ti) —uillze@ S T+ N ull oo (rmm(ay), @ # T
i ate—m 3 3
fu(-ti) —uillze@ S T+ N ]| Lo (rmm @)), @ = Ve 0<e< 3
Proof. These two inequalities can be proved similarly as Theorem 5.3 by using ||e4F|| 2 <

|‘/é1;1|‘Jg(gl) and Theorem 5.2. O

6 Numerical experiments

In this section, we will verify the theoretical results by doing numerical experiments. Two numerical
examples are provided below, one is the one-dimensional space fractional diffusion equation, the other
is two-dimensional space fractional one.

Noticing that our problem is equipped with homogeneous boundary conditions, we can express the
i+1

function u’y " in terms of the Lagrangian interpolants based on NV +1 Gauss-Legendre-Lobatto points,

ie.,

N-1
uz+1 E Cerl hk
k=1

11



where C; " is the unknown discrete solution of u'(z) at the k—th Gauss-Legendre-Lobatto point;
hi(z) is the k—th Lagrangian polynomial with respect to the given Gauss points.

However generally speaking, it’s difficult to obtain the explicit expression for the Riemann-Liouville
fractional derivative of Lagrangian polynomial hy(x). To overcome this difficulty and facilitate com-

puting, we establish following Lemma.

Lemma 6.1 For p > 0, it holds that

REDLL, (1) = o (14 ) P o) (15)
EUDYL 1) = s () P ), (16)

where L, (z) is a Legendre polynomial, P®%(x) is a Jacobi polynomial.

Proof. According to [1], we can directly obtain
_ D(B+ p+1) Pa—fte(—1)
P_iLDu 1 4+ )Pt pa—mbfti )] = n
1+x [( ) n ( )] F(ﬁ‘i‘ 1) Pﬁ"ﬁ(—l)

_ (o + p+ 1) Petrb=r(1)

RLTyA& at+p patp,f—p _ n a po,
DY |(1- P, = 1—z)*P . 18
X 1 [( JI) n (LL')} 1—‘(0( + 1) Pgﬁ(l) ( ‘T) n (‘T) ( )

Thus it can be checked that for (15) and (16), we only need to set & = p, § = —p in (17) and

(1 +2)? P (x), (17)

a = —u, B =pin (18) respectively. O
N
Thus after solving this system hy(z) = > DFL,(x) and by Lemma 6.1, we have

n=0
RLDo (2 ZD "+i)1)(1 + ) TFPR TR (g), (19)
N
EUDShue) = 3 Db P 1= ) ) (20)
n=0

6.1 One-dimensional problem

Consider a one-dimensional space fractional diffusion equation

t
QD) (RED2ou(a, ) = f(a,), w0, tET

u(z,0) = 6’40””2, x € Q,
u(—1,t) = u(1,t) = cos(t)e 0, t € I,

with ¢ = 0.5, Q@ = (—1, 1), and its exact solution is
u(z,t) = cos(t)eiélozz.

We compute the figure and the errors [[u(-, T') —u4] || 2(q) at time T' = 1 with o = 0.8. The comparisons
of numerical solution and exact solution is shown in Figure 1. For this case, we take time step size
7 = 0.2 and the degree of interpolation polynomial in spatial direction N = 20. It can be seen that our
numerical results are in excellent agreement with the exact solution. In Table 1, we take N = 40, a
value large enough such that the spatial discretization errors are negligible as compared with the time
errors, and choose different time step size to obtain the numerical convergence order in time. We can
check that these numerical convergence order, almost approach 2, are consistent with the theoretical
analysis in Section 5. In Figure 2, with sufficiently small 7 = 0.001, we plot the errors as functions of

polynomial degree N. As expected, the errors show an exponential decay.
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0.6 T
—— numerical solution
O  exact solution

u(x,1)

Figure 1: The comparisons of numerical solution and exact solution for « = 0.8, 7 = 0.2 and N = 30.

Table 1: The errors for different step size 7 and o = 0.8, N = 40.

step size T Hu(:z:, 1) — U%HH(Q) convergence order
1/5 3.069836e-3
1/10 7.004634¢e-4 2.1318
1/20 1.697978e-4 2.0445
1/40 4.249987e-5 1.9983
1/80 1.068166e-5 1.9923
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Figure 2: For « = 0.8 and 7 = 0.001, the errors show an exponential decay with N increased.

6.2 Two-dimensional problem

Now let’s consider a two-dimensional fractional diffusion equation

au’(x?y’t) o
T - E{ZILJD?( U(I5y7t) - E{%Dgﬁu(xvyat) = f('rvyat)v ($7y> € Qa tel,

u(z,y,0) = sin(Fx + §)sin(Fy + 5), (z,y) € Q,
u(z,y,t) =0, (z,y) € 09,

with 0.5 < a, 8 < 1, Q = (—1,1) x (—1,1), and I = (0,1]. Numerical experiments are carried out

with the exact analytical solution

u(z,y,t) = cos(t)sin(g:v + g)sm(gy + g)

In Table 2, we take N, = 20 and N, = 20, the polynomial degree in z-direction and in y-direction
respectively, to make the error in space sufficient small. Under this conditions, Table 2 also explains
that the convergence order in time direction is close to 2. In Figure 3, taking 7 = 0.001, 8 = 0.75 and
N, = 20, we can observe the spectral convergence in z-direction. Very similar figure can be obtained

to demonstrate the convergence in y-direction for 7 = 0.001, & = 0.75 and N, = 20.
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step size T HU(JL', y, 1) — u]]\\/,[x Nl o) convergence order
1/5 3.311963e-3
1/10 8.235122e-4 2.0078
1/20 2.055152¢e-4 2.0025
1/40 5.135596e-5 2.0006
1/80 1.283756e-5 2.0002

Table 2: The errors for different step size 7 and o = 0.75, 3 = 0.75, N, = 20 and N, = 20.

10 T T

—*— 0=0.55, L%(Q)-norm
—0— ¢=0.75, L%(Q)-norm
N — % —=0.95, L2(Q)-norm |

Error in logscale
B

-5

10

10

10

Figure 3: For 7 = 0.001, § = 0.75, N,, = 20 and different «, the errors show an exponential decay
with N, increased.
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7 Concluding remarks

In this paper, we have proposed a new high order numerical method for the space fractional diffusion
equation with convergence order O(72+N“~™) in L2-norm by combining the classical Crank-Nicholson
method and the spectral Galerkin method, and have rigorously proved the stability and convergence of
this method. So far, it seems that no other published numerical method for space fractional diffusion
equation can achieve so high accuracy in time and in space simultaneously. It should be mentioned
that our method is also valid for solving two-dimensional problem, or even higher dimensional case.
The numerical examples have verified the theoretical results. It is demonstrated that this method
is an effective and high accuracy numerical scheme for solving a kind of space fractional diffusion

equations.
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